FLOER COHOMOLOGY AND PENCILS OF QUADRICS 
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Abstract. There is a classical relationship in algebraic geometry between a hyperelliptic 
curve and an associated pencil of quadric hypersurfaces. We investigate symplectic aspects of 
this relationship, with a view to applications in low-dimensional topology. 
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1. Introduction 

1.1. Two contexts. The main result of this paper, Theorem 11.11 belongs to categorical sym- 
plectic topology in the sense of Donaldson, Fukaya and Kontsevich. It relates the derived Fukaya 
categories of a genus g surface Sg and of the complete intersection Qo H Qi of two smooth quadric 
hypersurfaces in P^s+i. The result is of interest in at least two different contexts. 

• The intersection of two quadric 4-folds in is also a moduli space of solutions to the 
anti-self-dual Yang-Mills equations on the product S2 x S*^ [73l[72]. Theorem 1 1.1) in the 
special case g = 2, can be seen as an instance of the "Seiberg-Witten equals Donaldson" 
philosophy for gauge-theory invariants of 3-manifolds. 

• Theorem 1 1.1 1 can also be viewed as a symplcctic analogue of a classical theorem of Bondal 
and Orlov |16| in algebraic geometry, concerned with derived categories of sheaves on the 
same spaces. The passage here from algebraic to symplcctic geometry fits into the broader 
program of Kontscvich's Homological Mirror Symmetry conjecture. 

After formulating a precise version of the main theorem, the rest of the Introduction will flesh 
out these two contexts, and then indicate the basic strategy of the proof, which is itself motivated 
- via mirror symmetry - by several classical theorems on derived categories of sheaves. 

1.2. The theorem. Let Eg be a closed surface of genus g > 2, equipped with a symplcctic form. 
This has a well-defined balanced Fukaya category 5'(Sg), linear over C. Let {Qt^jtgpi C P^f+i 
denote a pencil of smooth 2(7-dimensional quadric hypersurfaces in P^s+i^ with smooth base locus 
Qo^ n Qi^- By Moser's theorem, the symplcctic manifold underlying the complete intersection 
Qo 1^ Qi is independent of the choice of generic pencil of quadrics. It is a simply-connected 
Fano variety, in particular a monotone symplcctic manifold with a well-defined monotone Fukaya 
category S'iQoCiQi), again defined over C. The latter category actually splits into a collection of 
mutually orthogonal Aoo-subcategories, one for each eigenvalue of quantum multiplication by the 
first Chern class on the quantum cohomology of QoCiQi. We denote by D^G the cohomological 
category H{Tw'^G) underlying the split-closure of the category of twisted complexes of an Aoo- 
category C Our main result is: 

Theorem 1.1. There is a <C-linear equivalence of'Z2-graded split-closed triangulated categories 

Z?"J(I]g)~i?"J(Q^»nQ?^;0) 

where J'{u;0) denotes the summand corresponding to the 0-eigenvalue of quantum cup-product by 
the first Chern class. 

The proof of Theorem 1 1 . 1 1 given here relies essentially on the (typically non-geometric) passage 
to idempotcnt completion. 

If Sg — > P^ is a hyperelliptic curve, branched over {Ai, . . . , A2g+2} C C, it determines a 
(2, 2)-completc intersection 

Qo n Qi = (J2 ^] = 0) n hz] = 0) c p2f+i. 

Varying the Aj in C, one obtains a natural action, by parallel transport, of the hyperelliptic 
mapping class group F^^/" of a once-pointed curve on each of Eg and Qo H Q\. (There is no 
universal hyperelliptic curve over configuration space Conf2g+2(P"'^) [HT]; we have constrained the 
\j to lie in C C P^, which accounts for the appearance of once-pointed curves.) 

Addendum 1.2. The equivalence of Theorem ] 1.1\ is compatible with the weak action ofT^^^. 

Considering the situation when branch points go to infinity more carefully, there is a non-split 
finite extension 

1 ^ z^f — ^ t'^yp — ^ r'^yp ^ i 



FLOER COHOMOLOGY AND PENCILS OF QUADRICS 



3 



of the classical hyperelliptic mapping class group which acts, via parallel transport, by symplec- 
tomorphisms of QqDQi, cf. Remark 14.111 A fairly direct consequence of Theorem 1 1.1 1 is: 

Corollary 1.3. The natural representation T'^'^p — > ttq Symp((5o H Qi) is faithful. 

Classical surgery theory [99l Theorem 13.5] shows Tg'^P — > ttq Diff (Qo n Qi) has infinite kernel. 
More surprisingly, the r^^/'-action extends to a faithful weak action of the full mapping class group 
Tg by autoequivalences of D'^3^{QQnQi), which has no obvious direct geometric construction. The 
construction of mapping class group actions on triangulated categories is a well-known problem 
in that part of representation theory concerned with categorification. 

1.3. Entropy. Corollary 11.31 is essentially equivalent to a related dynamical statement. For a 
symplcctic manifold X the (conjugation-invariant) Floer-theoretic entropy of a mapping class 
(f) e Symp(X)/Ham(X) is 

hFioerW = limsup-logrk 
n 

This is a kind of robust version of the periodic entropy, robust in the sense that it depends on a 
symplectic diffeomorphism only through its mapping class; by contrast topological and periodic 
entropy are typically very sensitive to perturbation. For area- preserving diffeomorphisms of a 
surface S, the Floer-theoretic entropy (of the action on S itself) co-incides with the minimum 
of topological or periodic entropy amongst representatives of the mapping class [lU |3TJ [33] : 
moreover, hFioer{4>) > <^ ^ has a pseudo-Anosov component. In this low dimension, these 
phenomena are basically detected by the fundamental group. 

Theorem 1.4. A diffeomorphism cf) e r'^vP has a pseudo-Anosov component if and only if the 
induced map on Qo H Qi has positive Floer-theoretic entropy. 

This seems to be one of the few computations of non-zero Floer-theoretic entropy in a closed 
symplectic manifold which is not detected by classical topology. Analogous results for symplec- 
tomorphisms of certain surfaces can be derived from combining |87j and j52| . 

1.4. Representation varieties. Fix a point p E Y,g and denote by M(Eg) the moduli space of 
rank two, fixed odd determinant stable bundles on a complex curve of genus equivalently the 
space of conjugacy classes of 5[/(2)-represcntations of 7ri(I]\{p}) which have holonomy — / at the 
puncture. M(I]g) admits a natural symplectic structure; the symplectic volume of M(I](,) was 
computed by Witten and Jeffrey- Weitsman |107[ I46j , and techniques from number theory, gauge 
theory and birational geometry have all been brought to bear on understanding its cohomology 
f72l in llOlj . The connection to pencils of quadrics goes back to Newstead [73] , who constructed 
an isomorphism M(I]2) = Qo<^ Qf C P^. Theorem 11.11 therefore computes part of the Fukaya 
category of M(I]2). 

In the topological setting, there is an extension r(I]g) of the (full, not hyperelliptic) classical 
mapping class group Fg = 7roDiff^(Sg) by = i7^(I]g;Z2) which acts on the moduli space 
via a homomorphism r(I]g) — > SympM(I]g). Goldman [12] proved r(Eg) acts ergodically. Let 
p : r(Sg) — ttq SympM(I]g) denote the associated representation on groups of components. 

Theorem 1.5. For g > 2, p : r(I]g) — >■ ttq SympM(I]g) does not factor through the symplectic 
group (i.e. p is non-trivial on the Torelli group). When g = 2, p is faithful. 

The second statement is just Corollary II. 31 and it implies the first statement by an argument 
of Wehrheim and Woodward which we recall in Corollary |2.12l By contast, the action of r(I]g) on 
i?*(M(Eg)) factors through the symplectic group. Theorem II .51 answers a question of Dostoglou 
and Salamon [26l Remark 5.6]. Donaldson's former student Michael Callahan proved (unfinished 
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Oxford D. Phil thesis, circa 1993) that p distinguished the Dchn twist on a separating curve 
(T C E2 from the identity. Callahan apparently used the gauge theoretic methods recalled in 
Section [2731 which seem less well suited to treat the general case. A related faithfulness result, 
for the action of a cousin of the 5-strand spherical braid group on a four-dimensional moduli space 
P^#5P of parabolic bundles on 5^, was established by Seidel [HH Example 2.13] using Gromov- 
Witten invariants and positivity of intersections of closed holomorphic curves in 4-manifolds. 

There is also a fixed-point theorem valid at any genus: this is something of a digression from 
the main theme of the paper, but has some relevance in light of the conjectural description of 
?(M(I]g)) discussed in Section WM below, and is needed for CoroUarv 11.81 

Theorem 1.6. If 4> (z Symp M(I]g) represents a class in im{p) then (j) fixes a point o/M(Sg). 

If '0 G r(I]g) lies in the Torelli group, then the Lefschetz number of is zero, and p{tp) 
is isotopic to a diffeomorphism of M(Eg) without fixed points. Thus Theorem 11.31 and 11.61 both 
detect essentially symplectic phenomena. There is an obvious correspondence between fixed 
points of the action of (j) on M(Sg), and representations of the fundamental group of the mapping 
torus of (/). This gives a purely topological application of the main theorems. 

Corollary 1.7. Let Y ^ be a closed 3-manifold fibring over the circle with fibre Sg. 

• There is a non-abelian SO{3)-representation ofTTi{Y). 

• Suppose g = 2 and Y is hyperbolic. There are cyclic degree d covers Yd Y for which 
the number of conjugacy classes of non-abelian SO (3) -representations of iri(Yd) grows 
exponentially in d. 

The first result was proved by Kronheimer-Mrowka [SI] using gauge theory; the second (which 
should generalise to higher genus fibres) appears to be new though closely related results are in 
the literature, cf. Section [2.31 In any case, it's interesting that these are amenable to techniques 
of symplectic geometry. 

1.5. Instanton Floer homology. Let f -.Yh ^ S^ be a fibred 3-manifold with a distinguished 
section, defined by a monodromy map h e r(I]g_i) in the mapping class group of a once-marked 
surface f^^{pt). Up to isomorphism there is a unique non-trivial S'0(3)-bundle E — > f^^{pt), 
with {w2{E), f~^{pt)) 7^ 0; the section of Yk — > S^ defines a distinguished extension of E to an 
SO{3) bundle (still denoted) E ^ Yh- If Y/j is a homology S^ x S^, this is the unique non-trivial 
S'0(3)-bundle over Yh up to isomorphism. Any such E admits no reducible flat connexion, hence 
is "admissible" in the sense of Donaldson [24] , so there is an associated Z4-graded instanton Floer 
homology group H FmstiYh] E) computed from the Chern-Simons functional on connexions in E. 
Now h acts canonically on M(/^^(pi)) via an element h G r{f~^{pt)), and the famous theorem 
of Dostoglou and Salamon [25] gives an isomorphism H FinstiXh', E) = HF{p{h)). Appealing in 
addition to Theorems 11.11 and (the proof of) 11.61 vields: 

Corollary 1.8. Fix a 3-manifold Yh — > S^ fibred by genus 2 curves, which in addition is a 
homology S^ x S'^ , and let E — !• Yh be the non-trivial SO(2>) -bundle. There is an isomorphism of 
'Zj2-graded C-vector spaces 

HF,„st{Yh;E) - C®HFih)®C. (1.1) 

By work of Cotton-Clay [21] the central summand HF{h) on the right side, which is com- 
puted on the curve E2 itself rather than on any associated moduli space, can be algorithmically 
computed from a presentation of ft. as a word in positive and negative Dehn twists, or from a 
suitable traintrack. In general, if we make no assumption on the action of h on 7fi(E2;Z), the 
instanton Floer homologies HFinst (Xh E) of the different principal bundles E ^ Yh arising as 
mapping tori of h are given by Hochschild cohomologies C © HH*{h{) © C, with /ij the various 



FLOER COHOMOLOGY AND PENCILS OF QUADRICS 



5 



autocquivalcnccs of 5^(S2) obtained by combining the action of h and tensoring by some flat 
line bundle ^ G H^{Y,2;'^2)- We should emphasise that it seems to be very hard to compute 
these instanton Floer homology groups by direct computations on Y/j, or even to write down the 
underlying chain groups. 

1.6. Witten's conjecture. We include a brief speculative discussion, which should nonetheless 
set these topological results in a helpful context. The space M(Eg) is always a simply-connected 
Fano variety, symplectomorphic to the variety of (17 — 2)-dimensional linear subspaces of QoHQi C 
p2g+i^ hence there is an evaluation from the total space of a projective bundle 

Probably deeper analysis of the birational structure of this map would help relate the Fukaya 
category of the intersection of quadrics to that of the moduli space. Explicitly: 

Conjecture 1.9. There is a C-linear equivalence of'Z2-graded triangulated categories 

D-Ji^g) ^ i^-J(M(S3);4(5-2)). 

We give a slightly more precise statement in Remark 12.191 Conjecture 11.91 should be seen in 
light of Witten's conjecture relating Seiberg-Witten and Donaldson invariants in low-dimensional 
topology. The spaces M(I]g) arise as moduli spaces of instantons on Eg x S^. The corresponding 
moduli spaces of Seiberg-Witten solutions on Sg x are given by symmetric products of Sg . A 
theorem of Munoz |70j implies the spectrum of quantum multiplication by the first Chern class 
on M(I]g) is given (dropping some factors of i) by 

{-4{g - 1), -4(5 - 2), . . . , -4, 0, 4, . . . , 4(g - 2), 4(.g - 1)}. 

The Fukaya category 5'(M(Sg)) breaks into summands indexed by these values. Moreover, the 
summands for ±A should be equivalent. Naively, one would expect the Fukaya category summand 
3'(M(Eg); 4(5 — fc— 1)) to be built out of the Fukaya category of the symmetric product Sym'^(5]g), 
when |fc| < 5 (this is an intentionally vague statement, not least because we have not specified a 
symplectic form on the symmetric product). In particular, the summands corresponding to the 
outermost eigenvalues ±4((jr — 1) are expected to be semisimple (equivalent to the Fukaya category 
of a point). Whilst we do not prove this. Theorem 11.61 provides rather strong evidence. More 
precisely, that theorem is proved by showing that the symplectic Floer cohomology HF{(f)) has a 
distinguished rank one summand, given by its generalized eigenspace for the eigenvalue 4(g — 1). 
This should be compared to similar rank one pieces of monopole or Heegaard Floer homology 
[THIET], in that context associated to the "top" S'pin^-structure. In this vein, Conjecture 11.91 
- or Theorem 11.11 when g = 2 - can be viewed as an instance of the general "Seiberg-Witten 
= Donaldson" philosophy, for invariants of mapping tori coming from the next highest Spirf- 
structure. 

Practically, one might hope - by analogy with derived categories of sheaves, cf. Section [LTl 
below - that Fukaya categories behave well under both blowing up and down, and under passing 
to the total space of a projective bundle. Then Thaddeus' work on flip diagrams |101| . in which 
flips along projective bundles over symmetric products explicitly relate a projective bundle over 
M(I]g) to a projective space, would seem to give a cut-and-paste route to assembling ^F(M(Eg)) 
from the ?'(Sym*'(I]g)). In reality, it seems hard to give a complete argument on these lines using 
current technology. The intermediate spaces in Thaddeus' work have less good monotonicity 
properties than M(I]g) itself, whilst there is some delicacy in the choice of symplectic form on 
Sym'^(I]g). Note that the latter delicacy is absent precisely for the summands corresponding to 
Sym'=(Sg) for = 0, 1, which are those treated in this paper. 
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1.7. Homological Mirror Symmetry. The proof of Theorem 1 1 . 1 1 involves establishing Fukaya 
category analogues of three well-known results concerning derived categories of sheaves. 

• (Bondal-Orlov) The derived category of sheaves on the intersection of two even-dimensional 
quadrics has a semi-orthogonal decomposition in which one factor is the derived category 
of sheaves on an underlying hyperelliptic curve [T6] . 

• (Kapranov) The derived category of sheaves on an even-dimensional quadric has a semi- 
orthogonal decomposition in which one factor is the derived category of sheaves on a pair 
of points [i^ . 

• (Bondal-Orlov) If X — >■ F is the blow-up along a smooth centre B CY oi codimension at 
least 2, the derived category of sheaves on B embeds in the derived category of sheaves 
on X [IS]. 

Obviously, Theorem 11.11 is exactly the symplectic analogue of the first of these results. Our 
proof of Theorem 1 1 . 1 1 relates both categories appearing in its statement with the Fukaya category 
of the relative quadric Z , given by blowing up P^s+i along Qq H Qi. We construct equivalences 
with quasi-isomorphic images 

Although it occupies only a small part of the final proof, the geometric heart of ^ and arguably 
of Theorem 1 1.11 is Section 231 which gives a derived equivalence between the nilpotent summand 
of the Fukaya category of a quadric Q C P^f+i and the Fukaya category of a pair of points 
. This is precisely the symplectic analogue of Kapranov's theorem. From that perspective, a 
hyperelliptic curve and the total space of the associated pencil of quadrics behave, categorically, 
like fibrations with the same fibre and monodromy. To pass between D'^3^{Z) and D'^3^{Qo H Qi) 
involves relating the derived Fukaya category of a base locus and of a blow-up, akin to the second 
mentioned theorem of Bondal-Orlov (in this case, however, the symplectic story is carried out in 
more restricted circumstances, for blow-ups of codimension two complete intersections satisfying 
a raft of convenient hypotheses). In light of these analogies, one is led to compare the chains of 
spaces 

C 2 points C Sg C X 

t t t t (1.2) 

P29+1 D Q D OoHQi D 

where the top line corresponds to double branched covers of projective space of dimensions 
d = —1,0,1,2 over divisors of degree 2g + 2, and the lower line the base locus of a d-dimensional 
family of quadrics in P^ff+i. There are equivalences between the Fukaya category of a space in 
the top line, and the nilpotent summand of the Fukaya category of the space below it, in each 
of the first 3 columns, mirror to a small part of Kuznetsov's "homological projective duality" 
[58] . The situation in the final column is less clear. For instance, when g = 2, both X and 
are K3 surfaces, but in general they don't have equivalent derived categories of coherent sheaves 
unless one introduces a twist by a class in the Brauer group. It would be interesting to know 
whether this has any symplectic analogue. The hypersurface of degenerate quadrics is singular 
in codimension 3, so technical difficulties arise in pushing this any further. 

Given the proposed Landau- Ginzburg mirror w : ^QonQi — ^ C of Qq D Qi [50] 183] . and the 
proofs by Seidel and Efimov of mirror symmetry for curves of genus > 2, |931 129] . Theorem 11.11 
essentially proves one direction of Homological Mirror Symmetry for the Fano variety which is 
the complete intersection of two quadrics: 

D'^J{QonQi;0) ~ £'smg(^QonQi,'"^|opon subset) 

(restricting w throws out certain "massive modes"). In particular, this gives the first proof of 
HMS for a moduli space of bundles on a curve of higher genus. 
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Remark 1.10. Homological Mirror Symmetry typically relates symplectic and algebraic geometry. 
The relation of Theorem 11.11 to HMS is roughly as follows. The mirror of a Fano variety X is 
a Landau-Ginzburg model w : Y ^ C; blowing up the Fano X' ^ X is expected to introduce 

new singular fibres Y C Y' ^ C into the LG-model. Blow-ups induce semi-orthogonal decom- 
positions of the derived category D^{X') ~ {D^{X),C), hence corresponding semi-orthogonal 
decompositions relating the Fukaya-Seidel categories of the mirrors. On the other hand, the new 
singular fibre of (y', w') leads to a new summand to its derived category of singularities, which 
should correspond to a new summand in the Fukaya category of X' (and perhaps some bulk 
deformation of the summands coming from X). For more on the mirror symmetric background 
and motivation for Theorem 1 1.1) see [STj . 

1.8. Another birational motivation. There is another description of M(I]2) = Qo H Qi C 
which, whilst not used in this paper, is undoubtedly related to the g = 2 case of Theorem ll.il and 
provided motivation for the result. Let's say that a line / C QoHQi is generic if its normal bundle 
is holomorphically trivial O © O (rather than 0{i) © 0{—i). Recall that a genus 2 curve, whilst 
not a complete intersection, admits an embedding as a (2, 3)-curve on a quadric hypersurface 
pi X C P^. 

Lemma 1.11. The blow-up W — >■ M(I]2) at o, generic line inside Qq D Qi is isomorphic to the 
blow-up W — > P^ along an embedded genus 2 curve of degree 5. 

A proof is given in [H]. The diagram P^ ^ B/c(P^) = Bli{Qo n Qi) Qo^Qi is also 
the simplest of the "flip-diagrams" constructed using stable pairs by Thaddeus in jlOlj (in this 
special case there are actually no flips, see op. cit. section 3.19; the map to Qq D Qi is his 
non-abelian Abel-Jacobi map). 

If one believes that Fukaya categories should behave well under birational transformations - a 
view espoused by Katzarkov and his collaborators, see for instance [JT], and encouraged by the 
particular cases treated in this paper - then one expects 3^{W) to be built out of ?(P^), which 
has two semisimple summands, and of 5'(M(S2)), whilst H(W') should be assembled from J'{P^) 
(four semisimple summands) and 3^{T,2)- Equating 3^{W) and J'{W') would quickly give Theorem 
11.11 in the case g ~ 2. Whilst the argument we give is more roundabout, it seems technically 
simpler (because of its appeal to the special geometric features of Lefschetz flbrations) , and also 
applies in greater generality (g > 2). 

1.9. Outline of proof. As mentioned previously, our proof of Theorem 11.11 constructs equiva- 
lences with quasi-isomorphic images 

Both 3^(Sg) and 3^{Qo H Qi) are naturally Z4g_4-graded, but only the underlying Z2-graded 
categories are equivalent; from this perspective, that is because the intermediate category 3^{Z) 
only admits a Z2-grading. At a technical level, the proof of Theorem 11.11 combines five principal 
ingredients. 

(1) Lefschetz flbrations provide the basic geometric setting in which all the investigations 
take place. Thus, a hyperelliptic curve and the relative quadric Z are viewed as Lefschetz 
fibrations with categorically-equivalent fibres. 

(2) Eigenvalue splittings for Fukaya categories; in particular, we derive sufficient conditions 
for a collection of Lagrangian spheres to split-generate a particular summand. 

(3) Quilt theory, in the sense of Mau-Wehrheim- Woodward; specifically, we appeal to their 
work to construct embeddings of categories associated to (idempotent summands of) La- 
grangian correspondences which arise from blowing up certain codimension two complete 
intersections. 
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(4) Surgery and Z-gradings, whereby certain holomorphic polygons are constrained by knowl- 
edge of related polygons for a Lagrange surgery at an isolated intersection point, or by 
their intersection numbers with divisors of poles of holomorphic volume forms. 

(5) Finite determinacy, introduced in this setting in Seidel's beautiful paper [93], which 
relies on Kontsevich's formality theorem to describe certain ^oo-structures in terms of 
polyvcctor fields. Eventually, the Fukaya categories of the curve and the relative quadric 
are identified by singling out a quasi-isomorphism class of Aoo-struetures on an exterior 
algebra with the desired Hochschild cohomology. 

These ingredients are assembled as general tools in Section [Sj and deployed in the subsequent 
parts of the paper. The connection between 9^(2') and the Fukaya category of the base locus 
seems to be part of a wider phenomenon for blow-ups; it also makes a connection to a well- 
known "spinning" construction of Lagrangian spheres, which provides a link between algebra 
and geometry useful for establishing Addendum 11.21 The material on Fukaya categories of blow- 
ups should be compared to the work of Abouzaid, Auroux and Katzarkov [3] , who derive closely 
related results from the "Strominger-Yau-Zaslow" perspective of Lagrangian torus fibrations; 
similar techniques are also applied in Seidel's recent |95| . These results might be viewed as an 
open-string counterpart to the symplectic birational geometry programme of Yongbin Ruan and 
his collaborators. 

Remark 1.12. The symplectic manifolds which occur in the paper are real surfaces or Fano vari- 
eties, hence are monotone with minimal Chern number > 1, and the Lagrangian submanifolds we 
consider are monotone of minimal Maslov number > 2. These hypotheses considerably simplify 
the definition of ^F(»; A), which can then be constructed using essentially classical tools, and allow 
us to make systematic use of the quilted Floor theory of Mau, Wehrheim and Woodward [65] . We 
emphasise that Fukaya categories enter the main argument in a rather formal manner, and the 
properties we require would hold independent of the finer details of the construction. That under- 
lying construction is nonetheless a very substantial undertaking, and we are accordingly indebted 
to the foundational work of Fukaya-Oh-Ohta-Ono, of Seidel, and of Mau- Wehrheim- Woodward. 

Organisation of the paper. Section [2] gives background on the spaces M(Eg) and derives the results of 
Sections 11.41 and 11.51 assuming Theorem ll.il This section is largely self-contained, though at one or two 
points we refer ahead for general Floer-theoretical results. Such results are collected in Section [Sj The 
proof of Theorem 11.11 itself takes up the remainder of the paper. Sections |4] and [5| A low-dimensional 
topologist happy to take the proof of Theorem 11.11 on faith can stop reading at the end of Section [2] 
A symplectic topologist interested in Theorem 1 1 . 1 1 but unconcerned with 3-manifolds can start reading 
from Section |3] 
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2. The representation variety 

2.1. Topology. Recall that M(I]g) denotes the variety of twisted representations of the funda- 
mental group of a punctured surface 

M(S3) = |(Ai,i?i,...,^3,i?g)e5[/(2)29 I Y[[A,,B,] = -I^ /S0i3) (2.1) 

where 50(3) = 5?7(2)/{±/} acts diagonally by conjugation. There are no reducible representa- 
tions (since an abelian representation couldn't have holonomy — / around the puncture), and the 
moduli space is a smooth compact manifold of real dimension 65 — 6. It has a natural symplectic 
structure, which comes from a skew form on the tangent space H^{adE) given by combining 
the Killing form in the Lie algebra SU2 with wedge product. The representation variety is sym- 
plectomorphic to the moduli space of stable bundles of rank two and fixed odd determinant on 
a Riemann surface of genus g |72| . which in turn carries a canonical Kahlcr form arising from 
its interpretation as an infinite-dimensional quotient of the space of connexions on S^: gauge 
theoretically, the symplectic structure is inherited from that on adjoint-bundle- valued 1-forms 
given by (a, h) = /j. a A *6. Let r(S) denote the mapping class group of isotopy classes of dif- 
feomorphisms of S which preserve p; let X{T) denote the Torelli subgroup of r(E) of elements 
which act trivially on homology. There is a short exact sequence 

l->7ri(S)^r(I])^r<,^l, (2.2) 

where the classical mapping class group Vg — 7roDiff^(I]) = Out(7ri(I])) acts on the variety 
Hom(7ri(I]), 5'0(3))/S'0(3), which is a symplectic orbifold. This latter space has two connected 
components, corresponding to fiat connexions in the trivial respectively non-trivial 5'0(3)-bundle 
over S. The latter component is a quotient of M(I]) by the finite group = i?^(E;Z2) = 
Hom(7ri(I]), Z2). This acts via Ai i-> ±Ai,Bj i~> ±Bj in the explicit description of the moduli 
space given above, or by tensoring by order two elements of the Jacobian torus of degree zero line 
bundles if one regards M(S) as a moduli space of stable bundles. It follows that the representation 
p : r(I]) ttq Symp(M(S)) actually factors through a representation 

/5:r(I])->^o Symp(M(I])) 
where r(I]) is an extension of Tg by Zg^. 

Remark 2.1. Finite subgroups of r(I]) = Fg i are cyclic, which implies that the sequence of 
Equation [2?2] does not split Resuhs of Morita [681169] imply that for g>2 

Z2 ^ H\Tg-H\i:;Z2)), 

the map being an isomorphism for large g. It follows that there are two distinct extensions of 
the mapping class group by the finite group 7y^(E;Z2), and T is isomorphic to the non-trivial 
extension (cf. [551 Section 9] and [SH Proposition 4]). That is, the quotient sequence 

1 ^ H\^; Z2) ^ f(S) ^ Fg ^ 1 (2.3) 

does not split; compare to Remark l3.23l However, the puUback of the extension to the mapping 
class group Fg.i does split, since Morita computes that i7i(Fg_i; _ffi(I]; Z)) = Z, which implies 
-ff^(Fg^i; _ff^(I]; Z2)) = 0. It therefore makes good sense to compare the (weak) actions of the 
split extension of Fg,i by H^{T,;Z2) on J(T,g) and J(M(T.g)). 

There is a universal rank 2 bundle E — > E x M(I]); this is not uniquely defined, but its 
endomorphism bundle End(E) is unique. By decomposing the second Chern class C2(End(E)) 
into Kiinneth components (i.e. using slant product) one obtains a map 

At : iJ*(E;Z) ^ iJ'*-*(M(I]);Z) (2.4) 
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which we refer to as the /i-map. We recaU a number of wcU-known facts (see |102[[751[^H1] for 
proofs; many other references are also appropriate). 

(1) The space M(Eg) is simply connected (so there is no distinction between Hamiltonian 
and symplectic isotopy). 

(2) M(I]c,) has Euler characteristic zero. It admits a perfect Morse-Bott function with critical 
submanifolds (i) two S'^-bundles over M(I]g_i), one the absolute minimum and one the 
absolute maximum; and (ii) a torus T^s-'^ of middle index. 

(3) The cohomology ring i7*(M(S);Z) is generated by the image of the /x-map. The action 
r(E) — >■ Aut{H* {M.{T,);M.) factors through the symplectic group 5'p2g(Z), in particular 
H^{'E;'Z2) acts trivially. 

(4) M(E) is a smooth Fano variety with iJ^(M(E); Z) = Z. The first Chern class is twice 
the generator. 

Example 2.2. We noted in the Introduction that M(E2) = QoHQi C P^. The map fi : i?i(E; Z) 
iJ'^(M(E); Z) is an isomorphism, equivariant for the action of the symplectic group Sp4{Z). 

The quantum cohomology of any closed symplectic manifold splits into generalised eigenspaccs 
for the action of quantum multiplication by the first Chern class, cf. Section 13.11 for a fuller 
discussion. For M(E2) one can compute this explicitly, starting from a presentation of quantum 
cohomology derived by Donaldson. 

Lemma 2.3. There is a ring isomorphism 

gi?*(M(E2)) = H*{pt)®H*{'£2)®H*{pt) 

with summands the generalised eigenspaces for quantum cup with ci(M(E2)). 

Proof. Let hj denote the generator of i?^ (M(E2)), for j — 2, 4, 6. Let ji denote classes in i?i(E), 
and 6{-, •) the intersection pairing on E. Starting from the classical facts that 

• there are four lines through the generic point of M(E2); 

• given two generic lines /i, Z2, there are two other lines which meet both If, 

Donaldson [33] proved that /12 * ft.2 = 4ft,4 + 1 and h2 * /14 = /ig + 2/12, whilst hj * niji) ~ for 
degree reasons. Write h = /12, to simplify notation; one then obtains that Qi7*(M(E2)) is the 
ring with generators and relations 

{h,fiij,) I = 16/1^, V(7,) = 0, A*(7.:)m(7,) = <5(7„7,)(/iV4 - 4/i)> 

Since h = ci/2, we are interested in the generalised eigenspaccs for *h. Now take the three 
summands to be respectively generated by 

{h^/16), {l-h^/m, h{Hi{J:)), -mh), {{h^ +4h^)/128). 

and observe that the summands are mutually orthogonal and closed under quantum product. □ 

2.2. Monodromy and degenerations. There are several easy similarities between Flocr co- 
homology computations on E2 and on JV[(E2) which helped to motivate Theorem ll.il Let 7 C E 
denote a homologically essential simple closed curve. Taking the subspace of representations 
trivial along 7 defines a co-isotropic submanifold Vy C M(E) which is an S'C/(2)-bundle over 
M(Eg_i), where the lower genus surface is essentially the normalisation of the nodal surface 
E/{7}. When g = 2, M(Eg_i) is a single point, and = SU{2) is a Lagrangian 3-sphere. 

Lemma 2.4. Fix g = 2. Let 7 and 7' be homologically independent simple closed curves in E2. 

• If-fH-/' = then V-y n Vy = 0. 

• //7 rtl 7' = {pt} then ftl Vy = {pt}. 
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Proof. In the first case, a representation inV-yD Vyi defines a flat connexion on the sphere given 
by cutting E2 open along 7 U 7', which however has non-trivial holonomy at the puncture. No 
such representation can exist. Similarly, if 7 iti 7' = {p^}: ^-ny element oi Vy D V^i defines a flat 
connexion on the torus given by cutting along 7U7', with non-trivial monodromy at the puncture. 
Such a connexion is defined by a pair of matrices {A, B) S SU{2Y with [A, B] = — /. and it is a 
straightforward exercise to see that there is a unique such pair up to simultaneous conjugation. 
We must check that the corresponding intersection point of V-^ and V-^i is transverse, a result 
easily extracted from either of [2l|86]. The map / : (^2,^2) ^ [^2,^2] from SU{2f SU{2) 
has — / as a regular value, and there is an embedding 

T] : r^{-I) X Bi{6) ^ SU{2) x SU{2) 

for which /o7y(x, u) = —u, with Bj{6) a small open neighbourhood of / e SU{2). We can therefore 
embed an open neighbourhood of the zero-section = SU{2) C T*SU{2) = SU2 x SU{2) ^ 
M(S) by a map 

5:(fl,S2) ^ {~e-\B2,ri{M,B2,[e-\B2]-^). 

This shows that locally near V^^ the fibre direction SU2 is parametrised by the holonomy of the 
transverse curve 7', which implies that and V^i meet transversely. □ 

Remark 2.5. An essential simple closed curve 7 C S2 defines two Lagrangian 3-spheres, namely 
hol^^{±I). Call these Vy and Vy. Since these spheres are disjoint, one obviously has 

HF{Vj,V-y) ^ H*{S^) = HF{V^,V^); HF{Vy,V^)^0. (2.5) 

The spheres Vy and Vy lie in the same homology class and the same orbit under the action of 
if^(E;Z2). This should be compared with Remark 13.221 

The action on M(I]) of a Dehn twist on E has been studied by Callahan and Seidel (both 
unpublished, now discussed in detail in |106j ). Let ct C S denote a nuUhomologous but not 
nullhomotopic simple closed curve, dividing E into subsurfaces of genus 1 and g — I say (see 
Figure [5]). There is a unique conjugation-invariant function 

/ i-rrt n \ 

SU2 — > [0, 1] for which log I ^ ^j;^^ ] ^ < t < 1. 

This induces a map / : M(E) — > [0, 1], by taking the conjugacy class of the holonomy around cr. 
A theorem of Goldman [42] implies that, on the open subset f~^{0, 1) where / is smooth, it is 
the Hamiltonian function of a circle action. Explicitly, if cr corresponds to the curve defining the 
matrix Ag in the notation above, and if Ag 7^ ±7, there is a unique homomorphism 

(j) : C/(l) ^ SU2 with Ag e (jyii^iz) > 0}) 

and the circle acts via 

X-{A,B,) = {Ai,Bi,...,Ag,cj,{X)Bg). 

Let Va- ~ /~^(e) for a small e > 0; V C M(E) is a separating hypersurface which is preserved 
and acted upon freely by this S'^-action. This manifests it as a fibred co-isotropic submanifold, 
with base the moduli space corresponding to the disconnected curve given by normalising the 
nodal surface in which a is collapsed to a point. 

Proposition 2.6 (Seidel, Callahan). Let tc denote the positive Dehn twist along a curve c C S 
and let Tc denote the induced action of the twist on M(E). 

• Tj is a rank 3 fibred positive Dehn twist in the -fibred co-isotropic V^. 

• Ta is a rank 1 fibred positive Dehn twist in the -fibred co-isotropic Va- 



12 



IVAN SMITH 



Both results arc proved by considering the monodroniy of suitable Morsc-Bott degenerations, 
cf. related discussions in [501 HSl I106j (the last reference contains proofs of both cases). If 
there is any equivalence of categories D'^J'{^2) — D'^J'{M.{Y,2);0) which respects the actions 
of the mapping class group, then necessarily [7] 1— > [Vy], by combining Proposition 12.61 and 
Corollarv l3.7l (which says that Lagrangian spheres are essentially determined by their associated 
twist functors). Unfortunately, we do not know of any (smooth and embedded) Lagrangian 
correspondence F C S2 x M(S2) which might define such a functor. The upshot of the following 
sections will be to show that a certain generalised Lagrangian correspondence 

E2 Z -w M(I]2) 

does define an equivalence on suitable subcategories, where Z denotes the relative quadric 
-S^M(E)(P^)- Even here, two subtleties arise: the first correspondence (from the curve to the 
relative quadric) would be singular, and not amenable to quilt theory (so we will avoid it and 
use more algebraic arguments); and the second correspondence will not itself be fully faithful, 
but will have an idempotent summand which induces the desired equivalence. 

2.3. Fibred 3-manifolds. Recall that an S'0(3)-bundle on a closed oriented 3-manifold Y is 
determined up to isomorphism by its second Stiefel- Whitney class W2[E) e H'^iY;'L2). Let 
/ : y — >■ 5^ be a 3-manifold which fibres smoothly over the circle. The fibre f~^{pt) is nec- 
essarily homologically essential and primitive, and we fix an S'0(3)-bundle E over Y for which 
{w2{E), [f~^{pt)]) ^ 0. Indeed, we take E to be the mapping torus of a lift of the monodromy 
of y to the unique non-trivial S'0(3)-bundle over a preferred fibre f~^{pt), with W2{E) Poincare 
dual to a section of /. The Chern-Simons functional 

ai-> j aAda + aAaAa 

on the affine space ^^{Y) of connexions A = Aq + a on E has critical points the flat connexions, 
which give rise to irreducible representations of Tri{Y) into 5*0(3) whose restriction to the flbre 
E = f ^^ipt) defines a flat connexion in the original bundle In other words, the relevant 

representations of 7Ti{Y) are exactly those arising from flxed-points of the natural action of the 
monodromy (f) oi f (lifted to E) on M(I]). All of these representations are non-abelian, since they 
restrict to non-abelian representations of 7ri(I]). By counting solutions to the anti-self-dual Yang- 
Mills equations on F x M, one can deflne a Morse-Floer theory for the Chern-Simons functional 
and hence an instanton Floer homology group HFinstiY; E). The classical theorem of Dostoglou 
and Salamon [5S] asserts 

HF,nst{Y;E) = HF{p{q>)). (2.6) 

Since the fixed points of mapping classes on M(E) define representations of tti{Y), the latter 
can be studied via symplectic Floer homology; this will be the approach taken in the proof of 
Corollary 11.71 later. 

Remark 2.7. If Yh — ;> has monodromy h with im(l — /i*) = i?i(5]; Z) for the induced action on 
i?i(S; Z), the mapping torus is a homology S*^ x S^, and there is a unique 5'0(3)-bundle over Yh- 
In particular, the left hand side of Equation (|2.6|) is independent of the lift of h to the principal 
bundle — > E. It follows that the Floer homologies on the representation variety of all lifts of 
h to r(I]) are actually isomorphic, which doesn't seem obvious directly. 

Finally, one can consider the set of non-abelian S'0(3)-representations of tti{Y) and its be- 
haviour under coverings, analogously to recent interest in the growth of Betti numbers or Hee- 
gaard genus of covers. Long and Reid [SI] proved that any hyperbolic 3-manifold has finite 
covers with arbitrarily many representations into the dihedral group and hence non-abelian 
S'0(3)-representations. However, these covers are not cyclic. Ian Agol pointed out to the author 
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that if a 3-manifold Y has a non-trivial JSJ-decomposition - for instance, the mapping torus of 
a reducible surface difFeomorphism - some finite cover has fundamental group mapping onto a 
rank 2 free group, hence there are covers with infinitely many non-abelian 50(3)-reprcsentations. 
However, if Y is actually hyperbolic, properties of ^(^(Sj-representations under cyclic covers seem 
mysterious, and the second statement in Corollary [L7] seems to be new. 

2.4. Faithfulness. For a symplectic manifold X consider the conjugation-invariant Floer-theoretic 
entropy of a mapping class (p e Symp(X)/ Ham(X) 

hpioerW = limsup - log rkKi?-F ((?!)"). 
n 

As mentioned in the Introduction, for area-preserving diffeomorphisms of a surface S the Floer- 
theoretic entropy (of the action on S itself) co-incides with the topological entropy which in 
turn co-incides with the periodic entropy, or rather their minimal values on the isotopy class 

[2I1I3I1I331- Thus 

hpioeri't') > <J4> has a pseudo-Anosov component. (2-7) 

This follows from the classical fact that pseudo-Anosov maps have exponentially growing numbers 
of periodic points realising exponentially many different Nielsen classes; Floer-theoretically one 
can actually make much more precise statements j21j . Recall also there is a natural representation 

p : r(S]) TTo Symp(M(E)) 

where r(S) — )■ Fg is a Z2^-extension of the mapping class group ttq Diff^(I]g). Mildly abusing 
notation, we will say </> € F(I]) has a pseudo-Anosov component if that is true of its image (/> € Fg. 
Our faithfulness criterion Lemma 12.91 relies on a classical observation of Thurston: 

Lemma 2.8 (Thurston). Let be a closed surface and a d Y,g a separating simple closed 
curve. There is another separating simple closed curve a' C Sg /or which the products t^t'^i^ are 
pseudo-Anosov mapping classes for all k > 1. 

In fact, one chooses a' so that a U a' fill Sg in the sense that their complement is a union of 
disks. Then any word in positive twists along a and negative twists along a' (with both twists 
appearing) yields a pseudo-Anosov diffeomorphism; a proof is given in [311 Expose 13, Thcorcme 
III.3]. 

Lemma 2.9. Let g{T,) > 2. Suppose that for any G F(S]) with a pseudo-Anosov component, 
p{(f)) has strictly positive Floer-theoretic entropy. Then p is faithful. 

Proof. Suppose a mapping class (f) =/= id lies in the kernel of p. We first claim that </> cannot 
be in the finite subgroup if^(E;Z2) which is the kernel of F(I]) Fg. Indeed, a theorem of 
Narasimhan and Ramanan [7T] implies that for t € iJ-'^(E; Z2)\{id}, 

Fix(t) Prym(t) T^^-^ 

is an abelian variety of dimension g — 1, isomorphic to the Prym variety of the double cover 
of S defined by t. These fixed points form a smooth Morse-Bott manifold, which arises as a 
clean intersection between the graph of t and the diagonal. Pozniak's "local-to-global" spectral 
sequence for Floer cohomology [52| then implies that 

dtmKiHF{i)) < dimK{H*{T^3-^)) 

which is strictly smaller than dimK{QH* {M.{Y,)), cf. Section [2.11 It follows that HF{l) ^ 
HF (id), so L ^ ker(/5). Accordingly, if </> does lie in this kernel, it has non-trivial image </> in 
the classical mapping class group Fg. The hypothesis implies that </) has no pseudo-Anosov 
component; Thurston's classification of surface diffeomorphisms [31] implies <p is reducible with 
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all components periodic. If any periodic component is non-trivial, the mapping class /5((/)) acts 
non-trivially on cohomology, via the /i-map of Equation 12 .41 and the non-trivial action on H*(T,). 
We therefore reduce to (j) being a product of powers of Dehn twists on disjoint separating simple 
closed curves. 

If cr C S is a separating curve, by Lemma 12.81 we can find another separating curve a' for which 
the elements t^t^,'' are pseudo-Anosov when k > 0. By the hypothesis, these therefore map to 
elements of positive Floer-theoretic entropy under p. If a lift to r(S]) of some power of the twist 
To- was in the kernel of p, then the Floer cohomology of iterates of would grow exponentially 
in rank, hence so would the Floer cohomologies of iterates of T„r recalling HF{iJ;~^) = HF{ip)* . 
However, it is straightforward using Proposition 12.61 to write down an explicit representative for 
the action of r^r on M(I]) for which the Floer chain groups grow only linearly in rank under 
iteration. It follows that the Dehn twist in the separating curve a actually maps to an element 
of infinite order. The same trick shows a product of separating twists in disjoint curves is also 
infinite order. The result follows. □ 

Remark 2.10. It may be worth emphasising that the hypotheses of the faithfulness criterion 
Lemma 12.91 could be derived from something much weaker than Conjecture II. 9| for instance 
it would follow (over K = Ac) from the existence of a formal deformation of categories from 
5'(M(Sg);4(g — 2)) to Such (bulk) deformations seem likely to arise in the obvious 

strategies to attack Conjecture 11.91 as coming from fiip diagrams, cf. Section [TT51 

Lemma 2.11. If g{Yi) = 2, the hypothesis of Lemma \2.9\ is satisfied. 

Proof. Again take G r(I]) with image 0, and pick a representative diffeomorphism of the surface 
S for that mapping class. This can be written as a product of Dehn twists in simple closed 
curves associated to matching paths in C, which means that the action of the diffeomorphism 
on D'^3'{Y,) ~ D'^3'{M.{Y,);0) is determined by the twist functors in the spheres Vy. These 
act compatibly with the equivalence of categories, by Addendum II. 2[ cf. Corollaries 14.451 and 
15.291 For any fc G Z, the Floer group HF{(f)^) = HH{^^k) is given by the group of natural 
transformations between the identity functor and that induced by (f)^ , by Corollary 13.121 In 
particular this Floer group is completely determined by the action of (j) on the Fukaya category. 
It follows that the Floer cohomology of the mapping class on the underlying surface is a summand 
of the Floer cohomology on the moduli space. Equation (|2.7p now proves the Lemma. □ 

When g = 2, the Floer-theoretic entropy of /)(</>) is positive if and only if </> has a pseudo- 
Anosov component; the converse implication holds by the proof of Lemma 12.91 Combining the 
two previous results, we obtain a proof of Theorem 11.51 from the Introduction, using an argument 
due to Wehrheim and Woodward. 

Corollary 2.12. For g > 2, the representation r(I]g) — > ttq Symp(M(I]g)) is non-trivial on the 
Torelli group X{T). 

Proof. For g = 2, we have actually seen that the Dehn twist on the separating waist curve ct C E2 
induces a non-identity functor of Donaldson's quantum category H{y}A{Yj2)). For higher genus, 
following Wehrheim and Woodward, we use induction on g with g = 2 the base case. Suppose for 
contradiction that induces the identity functor of the Donaldson category i?(?'(M(I]g))) but 
the separating twist is non-trivial at genus g — 1. Viewing the co-isotropic vanishing cycles 
as Lagrangian correspondences, there are natural isomorphisms of functors V^o t^o V°p = t§~^ 
(this is the cohomology level version of Theorem l3.14p . But if t| ~ *d_f/3^M(Sg) then the left hand 
side gives the identity functor, contradicting the inductive hypothesis. □ 
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2.5. A fixed point theorem. Since there are periodic, fixed-point free surface diffcomorphisms, 
even when g = 2 Theorem 1 1 . 1 1 docs not imply that HF(p{(f))) ^ for an arbitrary mapping class 
(j). In fact, such a non-vanishing result does hold in any genus; the proof relies on concentrating 
not on the summand of the Fukaya category corresponding to the underlying curve but on a 
"semi-simple" summand. The moduli space M(Sg) is monotone with minimal Chern number 2, 
hence its quantum cohomology is mod 4 graded. We recall a result of Munoz [70J : 

Theorem 2.13 (Munoz). The eigenvalues of quantum cap-product */i by the generator h G 
i/2(M(Eg);Z) ^ Z on the quantum cohomology QH*{M{Y.g)) are {0, ±4, ±8, . . . , ±4(5 - 1)}. 
Moreover, with field co-efficients, the generalised eigenspaces associated to the eigenvalues ±4(g — 
1) have rank 1. 

For V <Z AI an '^-fibred coisotropic submanifold with base S, denote by ry the fibred 
positive Dehn twist along V . We will not distinguish notationally between V and the associated 
Lagrangian correspondence V C BxM. Fix a homologically essential simple closed curve 7 C S^, 
hence a Lagrangian correspondence C M(Sg_i) x M(S]g), cf. Section W2\ 

Corollary 2.14 (Perutz). There is an isomorphism 

HF{V^,V^) = Qi7*(M(S]g_i))®i7*(53;AR) 

as QH*(JA{llg-i)) -modules. 

This is [Sni Theorem 7.5] (and is a direct application of Perutz' Theorem 13.31 in a case where 
the Euler class of the sphere bundle vanishes). 

Lemma 2.15. Let (f> G Symp(M(I]c,)). The eigenvalues of quantum cup-product by the generator 
h e H'^(M{Y.g)) on HF{V^, (cj) x iA)V^) are contained in {0, ±4, . . . , ±4(g - 2)}. 

Proof. Let i? be a unital ring, A a finitely generated i?-algebra and r £ R. The spectrum of 
multiplication by r on A is a subset of that of multiplication by r on R. Indeed, there is a 
surjective quotient tt : R'^ ^ A, and ker(7r) is stable under multiplication by elements of R. The 
result then follows from the well-known fact that if a transformation T on a vector space V has 
invariant subspace W , the minimal polynomial of the induced map on V/W is a factor of the 
minimal polynomial of T. Therefore, it suffices to compute the spectrum of quantum cup-product 
by h on HF(V^,V^). 

Since V-y C M(Eg_i) x M(I]g) is simply-connected, it has minimal Maslov number 4. Lemma 
13.11 implies that under the natural map 

Qif*(M(I]3_i)) ® gif*(M(I]g)) ^ Qi/*(M(Eg_i) X M(S3)) HF{V^,V^) 

the first Chern class maps to zero. (In the language of Section [5t1 mo(Ky) = 0.) Therefore, 
1 ® ci(M(I]c,)) and ci(M(I]g_i)) ® 1 have the same image up to sign, so it is enough to know the 
spectrum of the latter class. The action of this is determined by Corollarv l2.14[ and the result 
follows on combining that with Theorem 12. 131 □ 

Theorem 2.16 (Wehrheim- Woodward). Let k > 1. Suppose that V CI M is an S^-fibred co- 
isotropic, whose graph defines an orientable monotone Lagrangian submanifold of B x M of 
minimal Maslov number > 4. Let (f> G Synip(A/). There is an exact triangle 

> HF*{4)) HF*{tv o(f))^ HF*{V, {(f> X idB)V) HF*{4)) ^ • • • 

of (relatively graded) modules for the ring QH*{M;Wi). 

This is taken from |106) . We point out that when g ^ 2, the case relevant for determining 
instanton Floer homology of genus 2 fibred 3-manifolds in Equation II. 1[ the generalised Dehn 
twist of Proposition 12.61 is just a classical Dehn twist in a Lagrangian 3-sphere, and the proof of 
the following Corollary simplifies accordingly. 
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Corollary 2.17. Let <j) G Symp(M(Sg)) represent a mapping class in the image of the natural 
homomorphism p : r(I]g) — > ttq Symp(M(I]g)). Then HF{(j)) ^ 0. 

Proof. Write the given mapping class (j) = p{(j)°) and write 0° = Hi ^7/' ^ ^ product of (positive 
and negative) Dehn twists along non-separating simple closed curves; this is always possible. We 
consider the long exact sequences in Floer cohomology associated to the induced rank 3 fibred 
Dclm twists on M(I]g) of Proposition 12.61 

HF{^) HF{tv otP)^ HF{V, {^P X id)V^) -'^ • • • 

where ip is a sub-composite of Dehn twists. We claim by induction on the number of twists in 
the expression of 0, equivalently (f>° , that HF((j)) is non-trivial. Indeed, we make the following 
somewhat stronger inductive hypothesis: the generalized eigenspace for */i on HF{^) for the 
eigenvalue 4(17 — 1) is rank 1 whenever tp is a, product of < fc (positive or negative) Dehn twists. 
If k is zero, then = id and we have a ring isomorphism iJi^(id) = Q-ff*(M(Sg)), in which case 
this result is exactly Munoz' theorem. 

Taking generalized eigenspaces is an exact functor over any field; consider the associated 
exact sequence of generalised eigenspaces, for eigenvalue 4(g — 1), for the operation given by 
quantum cup-product */i in the exact sequence above. If 5 = 2 the third term in the se- 
quence is HF{L^,il}{Lr^)). Quantum cohomology acts via the module structure of this group 
over HF{Lj, Lj) = H*{S'^), which is trivial in relative (mod 4) degree 2, from which it immedi- 
ately follows that *h is nilpotent. More generally. Lemma [2.151 implies that the spectrum oi *h 
on HF{V^, (-0 X id)Ky) is contained in {0, . . . , ±4(5 — 2)}, so the generalized eigenspace for the 
eigenvalue 4(5 — 1) is trivial. By exactness, if that eigenspace has rank 1 ion tp, it also has rank 1 
for Ty o ij). The argument for inserting a negative Dehn twist is the same, but working with the 
exact triangle 

HF{Ty^^) ^ HF{tv o (r^V)) ^ HF{V, (t^V x id)V) 

In either case, the induction implies that for any mapping class, there is a distinguished rank one 
summand in _ffF(0), so in particular HF{(j)) 7^ 0. □ 

Corollarv l2.171 via the circle of ideas of Section [^31 yields: 

Corollary 2.18. Every fibred 3-manifold admits a non-abelian SO{3)-representation. 

A stronger statement was proved by Kronhcimer-Mrowka |55| . who used Fechan and Lencss' 
deep work on the relation between Scibcrg-Wittcn and Donaldson invariants of closed 4-manifolds 
(note the proof given above uses the Dehn twist exact triangle, but not the existence of the Fukaya 
category). 

Any element of the mapping class group r2,i can be written as a product of Dehn twists in 
simple closed curves lifted from arcs in C. Addendum 11.21 and CoroUarv 12.171 implv that over 
K = C, there is an isomorphism 

HF{p{(l))) = C(SHF{(j>)(SC (2.8) 

determining HF(p{(f))) for any (p £ ^2,1, and not just for cp = id (the special case of Lemma 
12. 3i which we knew previously). The central term on the RHS can be computed, via results of 
PTj , from knowledge of the Thurston decomposition of cp or from the train-track obtained from 
a description of (/) as a product of positive and negative Dehn twists in simple closed curves. 
Equation 12.71 and the general discussion of Section 12.31 now implies Corollary 11.71 Viewed in 
terms of Corollary 13.121 Equation 12.81 describes the Hochschild cohomology of general functors 
of the Fukaya category obtained from mapping classes on the surface, rather than just of the 
identity functor. Modulo Remark TS.SOI the instanton Floer homologies of other S'0(3)-bundles 
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on the mapping torus arc computed by the Hochschild cohomologics of the other hfts of the 
monodromy to the spht extension of Tg by Z2) which acts on 

Remark 2.19. Corollary 12.171 implies that the summand 3^{Y.g;A{g — 1)) 7^ 0. One can exhibit 
explicit Lagrangian submanifolds in this summand using toric degeneration methods. For in- 
stance, when g — 2, Nishinou et. al. [74j show by degenerating M.{Y^2) to the toric intersection 
{x^ = yz, = qr} C that there is a Lagrangian torus with mo(r^) ~ 4 and with Floer 
cohomology a Clifford algebra. 

In general, take an idempotent summand of a Lagrangian L+ e Tu''^9^(M(I]g_i)) lying 
in the top summand of its Fukaya category, corresponding to eigenvalue 4(5 — 2), and with 
HF{L^,L~^) = K. Given any homologically essential simple closed curve 7 C Sg with as- 
sociated Lagrangian correspondence Vj C M(Sg_i) x M(Sg), one gets an object e 
Tw'^3'(M(Eg)). This seems a good candidate for the image of 7 under the conjectural equivalence 

D-J(Eg)^i?-:F(M(Eg);4(g-2)). 

3. The Fukaya category 

Notation. Fix a coefficient field IK which is algebraically closed and of characteristic zero; unless 
otherwise specified we assume K = C, but for much of the paper one could work with the Novikov 
field Ac of formal scries J^iez ^i^''' '^ith G C, qi G M. and Qi — >■ 00. 

3.1. Floer and quantum cohomology. Let (M^",a;) be a spherically monotone closed sym- 
plectic manifold, meaning that the honiomorphisms 7r2(A/) — > M defined by the symplectic form 
and the first Chern class are positively proportional. Recall that a Lagrangian submanifold L is 
monotone if the symplectic area and Maslov index homomorphisms 7r2(M, L) — >■ M are positively 
proportional. If M is spherically monotone and tti{L) = then L is automatically monotone, 
with minimal Maslov index given by twice the first Chern class 2ci(M). We will always assume 
that L is orientable and equipped with a Spin structure. Floer cohomology is particularly benign 
in the monotone case, since energy and index of holomorphic curves are correlated. For general 
background see [Ml [TSl US] • Here we collect a number of more speciahsed results to be used later, 
and fix notation. 

Monotonicity and orientability imply that L bounds no non-constant holomorphic disk of 
Maslov index < 2; since the virtual dimension of unparametrised holomorphic disks with bound- 
ary on L in a class /3 is 

the cycle swept out by boundary values of such disks only contains contributions from Maslov 
index 2 disks, and defines an obstruction class mo(L)[L] G Hn{L) which is a multiple of the 
fundamental class (the multiple counts how many Maslov index 2 disks pass through the generic 
point of L, weighted by their symplectic areas). If the Maslov number of L is > 2, mo(i) = and 
HF{L, L) is well-defined as a K- vector space; moreover, one can take IK = C (the Spin structures 
give orientations of moduli spaces and hence induce a signed differential in the Floer complex, 
so one can work in characteristic zero [SHI Chapter 9] ; moreover, there are no convergence issues 
since only finitely many holomorphic curves contribute to any given differential). More generally, 
HF{L,L') is well-defined provided mo{L) ~ mo{L'), since the square of the differential in the 
complex CF(L,L') is given by the difference between these two values, coming from bubbling 
along either of the boundary components of the strip [0, 1] x R. The group HF{L, L) is naturally 
a unital ring via the holomorphic triangle product, with the unit 1^ € HF'^'"{L,L) defined by 
counting perturbed holomorphic half-planes with boundary on L. 

The quantum cohomology QH* (M) refers to the "small quantum cohomology" , namely the 
vector space H*{M; K) with grading reduced modulo 2 and with product * defined by the 3-point 
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Gromov-Witten invariants counting rational curves through appropriate cycles in M; see |66| for 
the details of the construction. The Floer cohomology HF(L, L') is a bimodule for the quantum 
cohomology ring QH*{M; K), in particular there is a natural map QH*{M) HF*{L, L), which 
is a unital ring homomorphism. Quantum cohomology itself splits naturally as a ring 

QH*iM) = QH*{M-\) (3.1) 

A£Spoc(*ci) 

into the generalised eigenspaces (Jordan blocks) for the linear transformation given by quantum 
product *ci(M) : QH*{M) — >• QH*{M). This splitting is into subrings which are mutually or- 
thogonal for the quantum product. For later, we quote the following result of Auroux, Kontsevich 
and Seidel [7] (recall we work with C-coefficients): 

Proposition 3.1. The map QH*{M) HF*{L,L) takes ci{M) ^ ma{L) ■ II- 

Sketch. Counting holomorphic disks with one interior marked point, constrained to lie on a closed 
cycle in M\L, and one boundary marked point defines a map 

H*{M,L) = H*t{M\L) — > HF*{L,L). (3.2) 

The Maslov class defines an element of H^{M,L), hence a class in H2n-2{M\L). Fix a cycle 
D C M\L representing this class (in [7] this cycle is taken to be a holomorphic anticanonical 
divisor disjoint from L, which need not exist in general). The argument of j7| implies that, 
provided L bounds no Maslov index < disks, p.2p takes D to twice the obstruction class 
2mo(i). (This argument computes the quantum cap action of D on the fundamental class of 
L; the fact that L C M\D eliminates the possibility of a non-trivial contribution from constant 
holomorphic disks.) On the other hand, over C the map in p.2|) factors through the natural map 
H*{M,L) H*{M), and the Maslov cycle maps to 2ci(Af) e H*{M). The result follows. □ 

The map QH*{M) — > HF*(L, L) counts disks with an interior marked point, viewed as input, 
and a boundary marked point, which is the output. Following Albers [1], see also [T|, one can 
reverse the roles of input and output to obtain a map HF*{L, L) — > QH*{M). (The domain of 
this map would more naturally be the Floer homology of L, but we have used Poincare duality 
to identify this with Floer cohomology; in particular, the second map is not a ring map, and not 
of degree zero.) 

Lemma 3.2. The composite map QH*{M) — > HF*{L,L) QH*{M) is given by quantum 
cup-product with the fundamental class [L] . 

Sketch. The composite counts pairs of disks, each with one interior marked point, and with an 
incidence condition at their boundary marked points on L. Gluing, one obtains a disk with 
boundary on L and two interior marked points lying on the real diameter, but no boundary 
marked point. The relevant one-dimensional moduli space (with modulus the distance d between 
the interior marked points) has another boundary component, where d — ^ rather than d ^ oo; 
this is geometrically realised by a degeneration to a disk attached to a sphere bubble which carries 
the two interior marked points. Since the disk component has no boundary marked point and a 
unique interior marked point, for rigid configurations it will actually be constant, so the sphere 
passes through L. This shows the composite map is chain homotopic to quantum product with 
[L]. (Compare to [HI Section 2.4] or [1] Section 6], which study the composite of the maps in 
the other order via a similar degeneration argument.) □ 

Let y C M be a co-isotropic submanifold which is fibred by circles ^ V ^ B with reduced 
space B. Suppose B and M are monotone and that viewed as a Lagrangian correspondence, 
V d B X M has minimal Maslov number k. If in addition fc = 2, fix a global angular chain 
[a] C V, which by definition is a chain with boundary the pull-back 7r|j(ey) of the Euler class of 
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the circle bundle V ^ B. Finally, let Li,£2 be Lagrangian submanifolds of B, and let L; C M 
be the lifts of the Li via V, i.e. the circle bundles over the Li defined by FIl^; note Li C M is 
also Lagrangian. Then Perutz' quantum Gysin sequence [80l Sections 1.4 & 6.1], together with 
Wehrheim- Woodward quilt theory, implies: 

Theorem 3.3 (Perutz). The Floer cohomology HF{Li, L2) is the cohomology of the mapping 
cone of quantum cup-product 

Key + a) : CF{L^,L2) ^ CFiL^L^) 

with the sum of the Euler class ofV^B and a correction term ct • 1 G QH*{B), where a is the 
algebraic count of the number of Maslov index 2 disks meeting both a generic point of V and the 
global angular chain [a]. 

Under the same hypotheses, the Floer cohomology HF{V, V) (computed in i? x M) is the 
(chain- level) mapping cone on quantum product by the same element on QH*{B). If the co- 
isotropic V has minimal Maslov number > 2 there is no correction term, and the relevant iso- 
morphisms hold with the map being quantum product by the Euler class. The exact triangle 

> HF{L,,L2) ^(fl±^ HF{L,,L2) HFCLuU) ^ • • • (3.3) 

is an exact triangle of (5_ff*(_B)-modules, and in particular one obtains analogous triangles for 
particular generalised eigenspaccs in the sense of Equation [23] 

3.2. Higher order products. The monotone Fukaya category 3^(M) is a Z2-graded Aoo-category, 
linear over C. By definition, S'(M) has: 

• objects being monotone oriented Lagrangian submanifolds equipped with Spin structures 
and additional perturbation dat£0; 

• morphisms given by Floor cochain complexes CF(L, L'); and 

• higher order composition operations from counting pseudoholomorphic polygons. 

The higher order operations of the ^00-structure comprise a collection of maps /i!^ of degree d 
(mod 2), for c? > 1, with being the differential and the holomorphic triangle product 
mentioned previously: 

^i% : CF{Ld-i,Ld) ® • • • ® CFiLo,L,) ^ CF(Lo, Lrf)[2 - d] 

The {/i!^} have matrix coefRcients which are defined by counting holomorphic disks with {d+ 1)- 
boundary punctures, whose arcs map to the Lagrangian submanifolds (Lq, . . . , Ld) in cyclic order. 
The construction of the operations is rather involved, and we defer to [92] for details. We 
should emphasise that monotonicity enters crucially in ensuring that the only disk and sphere 
bubbling in the zero- or one-dimensional moduli spaces of solutions we wish to count comes 
from bubbling of Maslov index 2 disks on the Lagrangian boundary conditions, because the 
other possible bubbles sweep out subsets of M or the Lj of sufficiently high codimension to not 
interact with holomorphic polygons of index at most 1. Monotonicity, together with Lemma 
13. li further ensures that the Maslov index 2 disks are multiples of chain-level representatives for 
the units l^i in the complexes CF(Li, Li), which in turn means that their contributions to the 
boundary strata of one-dimensional solution spaces cancel algebraically. 

Remark 3.4. The simplest construction of 3^{M) uses Hamiltonian perturbations to to guarantee 
that the Lagrangian submanifolds {Lj} which are boundary conditions for a given higher-order 
product are pairwise transverse. In the sequel, we will encounter Lagrangians fibred over arcs in 
C (as matching cycles in Lefschetz fibrations), and the Riemann mapping theorem will provide 



One can also equip the Lagrangians with fiat unitary line bundles; we will not need that refinement in this paper, 
though see Remark [3221 
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a useful constraint on the /igr. To take advantage of this systenLaticahy would preclude using 
Hamiltonian perturbations. There is another approach to the Fukaya category, based on counting 
pearls - configurations of holoniorphic polygons and gradient flow trees - which is the open string 
counterpart of work of Biran, Cornea and Lalonde. For closed curves in monotone M the theory is 
developed in [13] , and for open curves the theory is described in [93l Section 7] and [98l Section 4] 
(in the balanced, or monotone, and exact settings respectively). The fact that a pearly deflnition 
gives rise to a quasi-isomorphic category to that obtained through Hamiltonian perturbations is 
addressed by a "mixed category" trick in ^S] Section 4.8], cf. [92] Section 10a]. 

In general, pearly moduli spaces cannot be made transverse, and a complete definition of the 
Fukaya category using only pearls relies on virtual perturbation techniques. In this paper, the 
Aoo-structures are essentially always constrained by their formal algebraic properties, rather than 
by explicit computations (or the computations involve rather benign non-transversal situations, 
for instance a pair of Lagrangians meeting cleanly in a Morse-Bott intersection). However, a 
pearly model would be more natural in Section |5.5[ even if not strictly required. 

Suppose A G IK is not an eigenvalue of the quantum cup-product 

*ci(M) : QH*{M]K) QH*{M;K). 

Then ci(A/) — Alj\/ is invertible in QH*{M); on the other hand, if L S 3^{M;X), then Lemma 
O implies that ci{M) - Mm ^ e HF*{L,L), which implies that HF*{L,L) 0. Lemma 
13.11 therefore implies that a monotone symplectic manifold M gives rise to a collection of mu- 
tually orthogonal categories 5'(M; A), which are non-trivial only for A an eigenvalue of *ci(Af) : 
QH*{M) — > QH*{M). The summand J{M;\) has as objects the Lagrangian submanifolds L 
for which mo{L) = A, i.e. for which the natural map of Z2-graded unital rings 

QH*{M) ^ HF{L,L) takes ci(A/) mo(L) • (unit). (3.4) 

We will refer to the category If(A'/; 0) as the nilpotent summand of the Fukaya category. We next 
recall the definition of the Hochschild cohomology of an Aoo-category, which is defined by a bar 
complex CC*{A) as follows. A degree r coehain is a sequence {h'^)d>o of collections of linear 
maps 

1 

^txi,....Xa+i) ■ ^ homA{Xi,Xi+i) homA{Xi,Xd+i)[r - d] 

i—d 

for each {Xi,.. .,Xd+i) G Ob{Ay+'^. The differential is defined by the sum over concatenations 
{dhf{ad, . . . ,ai) = 

^ (_l)(''+i)^.^j^+i--J(a^^ . . . ,aj+j+i,/i-'(aj+j, . . . ,ai+i),ai, . . . ,ai) 
i+j<d+i (3.5) 
+ ^ (^_l■J^^+r+lf^d+l-] ^^^^ _ _ ^ ai+.j+i,^i'ji(ai+j, at+i), at,..., ai). 

i+j<d+l 

It is a basic fact that HH*{A) = i/(/iom^„„(yi ,/i)(id, id)) computes the morphisms in the Aoo- 
category of endofunctors of A from the identity functor to itself; moreover, the Hochschild coho- 
mology of an Aoo-category over a field is invariant under passing to a split-closed triangulated 
envelope [121 Theorem 4.12]. The maps of Equation 13.41 are the lowest order pieces of a natural 
"open-closed string map" 

QH*{M) — > HH*{1{M)) 
from quantum cohomology to Hochschild cohomology, given by counting holomorphic polygons 
with one interior marked point, constrained to a cycle in M, and a collection of boundary 
punctures, one of which is outgoing and the rest incoming. Equation 13.41 corresponds to the 
case in which there are no boundary inputs. By construction, the open-closed string map is 
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compatible with the decomposition of the Fukaya category into orthogonal summands and with 
the splitting of Equation 13.11 giving maps 

QH*{M] A) — > HH*{J{M] A)) 

for each A € Spec(*ci(M)). 

Remark 3.5. The monotone Fukaya category ^F(M) is invariant, up to quasi-isomorphism, under 
rcscaling the symplectic form. Some care must be taken, however, when considering products of 
monotone manifolds, since the factors cannot be scaled independently preserving monotonicity. 

3.3. Twisting and generation. Let A be an Aoo-category. There is a two-stage purely al- 
gebraic operation which formally enlarges A to yield a more computable object: first, passing 
to twisted complexes to give TwA\ second, idempotent-completing to give Yi{TwA) — Tw'^A. 
Twisted complexes themselves form the objects of a non-unital Aoo-category Tw{A), which has 
the property that all morphisms can be completed with cones to sit in exact triangles. Idempotent 
completion, or split-closure, includes objects quasi-representing all cohomological idempotents, 
and is discussed further in Section l473l We write nu-fun(A, 23) for the Aoo-category of non-unital 
functors from A to 23; mod-A for nu-fun{A°PP, Ch), where Ch is the d^-category (viewed as an 
Aoo-category with vanishing higher differentials) of chain complexes of K-vector spaces. Given 
Y G Ob 71 and an 71- module M, we define the algebraic twist TyM as the module 

7yM{X) = M{Y) ® honiAiX, Y)[l] ® M(X) 

(with operations we shall not write out here). The twist is the cone over the canonical evaluation 
morphism 

M{Y) ® y ^ M 

where y denotes the Yoneda image of Y. For two objects Yq, Yi G Ob 71, the essential feature of 
the twist is that it gives rise to a canonical exact triangle in H{A) 

• • • ^ HomH(A) (>o, n) ®Yq^Yi^Ty,{Yi)H ■■■ 

(where TyoiYi) is any object whose Yoneda image is Tyo^i))- Note that if 71 decomposes into a 
collection of orthogonal subcategories, and if Yq lives purely in one of these, the algebraic twist 
by definition acts trivially on all the other summands. 

The twist functor T^, G nu-fun{3^[M)^'3'{M)) plays an essential role when L is spherical, 
meaning that Homff(^^(^]^.j^^(L,L) = H*{S"'). Suppose i C M is a Lagrangian sphere; the 
geometric twist tl is the autoequivalence of 3^{M) defined by the positive Dehn twist in L. On 
the other hand, since M is spherically monotone, such a sphere gives rise to a well-defined (though 
not a priori non-zero) object of the Fukaya category by the classical work of Oh [76] , hence an 
algebraic twist functor in the sense described above. 

Proposition 3.6 (Seidel). If L d M is a Lagrangian sphere, equipped with the non-trivial Spin 
structure if L = , then the geometric twist and the algebraic twist are quasi-isomorphic in 
nu-fun{J{M),3^{M)). 

This is [921 Corollary 17.17] for exact symplectic manifolds; the argument carries over mutatis 
mutandis to the monotone case (see [106j for a detailed account, but note most of their work is 
needed only for the strictly more difficult case of fibred Dehn twists). Seidel also proves that if 
S : 71 — 23 is an Aoo-functor, then for Y G A, 

9o7y - '^3{Y}°9 enu-funiA,^,). (3.6) 

Corollary 3.7. A Lagrangian sphere L C M is determined up to quasi-isomorphism in 3^{M) 
by its associated twist functor 7 l together with the natural transformation id — > Ti[— 1]. 
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Proof. In general: if Yi and Y2 € A are spherical and Ty^ and Ty^ are quasi-isomorphic as objects 
oinu-fun{mod-A^mod-A), by an isomorphism which entwines the natural transformations id — > 
Ty. [— 1], then Yi and Y2 are quasi-isomorphic objects of A. In the geometric situation at hand, 
the natural transformation of functors id — > Tl[— 1] arises from counting holomorphic sections 
of a Lefschetz fibration over the annulus with a unique interior critical point having vanishing 
cycle the given Lagrangian sphere. The cone on this natural transformation is the evaluation 
map, whose image lies in the subcategory of mod-A generated by the object Y itself; indeed, all 
elements in the image are twisted complexes of the form V ®Y , for graded vector spaces V . The 
only spherical such object is Y itself, for reasons of rank, hence id — > Ty[— 1] determines Y . □ 

We will later need a split-generation criterion for finite collections of Lagrangian spheres, which 
is a minor variant on an argument due to Seidel [93]. Let Af be a closed symplectic manifold 
and {Vi, . . . ^Vk} a collection of Lagrangian spheres in M for which there is a positive relation, 
i.e. some word w in the positive Dehn twists Ty. is equal to the identity in Symp(A/)/Ham(M); 
if M is simply-connected, this quotient is the mapping class group 7roSymp(A/). The word w, 
strictly speaking together with a choice of Hamiltonian isotopy from that product of twists to the 
identity, defines a Lefschetz fibration W — > 5^ with fibre A-/, where w encodes the monodromy 
homomorphism of the fibration. We suppose that the Lagrangian spheres all lie in the A-summand 
3'(M;A). Fix a homotopy class of sections /3 of W — J- 5^; the moduli space of J-holomorphic 
sections in this homotopy class has complex virtual dimension 



Suppose now the moduli spaces of sections define pseudocycles, or more generally carry a vir- 
tual class. Evaluation at a point therefore defines, by Poincare duality, a cycle in H^'" {M;C) 
depending on /?, and arranging these for different homology classes of section defines an element 
of H^^{M; Ar), or of H'''"{M;C) in the fibre-monotone case, which we call the cycle class G{w) 
of the word w. 

Proposition 3.8. If for some positive relation w in the Ty^ quantum cup-product by the cycle 
class G{w) is nilpotent as an operation on QH*{M] X), the spheres {Vj} split-generate D'^'J{M] A). 

Proof. By the correspondence between algebraic and geometric Dehn twists. Proposition 13. 6[ 
there are exact triangles 



for any Lagrangian K C M lying in the A-summand of the category. Concatenating the triangles 
for the occuring in w defines a natural map 



defined by an element of HF^"" {K, K) . Recall from the construction of the long exact sequence 
in Floer cohomology [89], cf. the proof of Corollarv l3.71 that the natural map id 1—)- 1] arises 
from counting sections of a Lefschetz fibration over an annulus with a single critical point. It is 
well-known that one can achieve transversality for holomorphic curves without fibre components 
using almost complex structures which make the fibration map pseudo-holomorphic. The gluing 
theorem [SS] Proposition 2.22] implies that the concatenation of such maps counts holomorphic 
sections of the Lefschetz fibration given by sewing several such annuli together. The map in 
Equation 13.71 is accordingly given by the image of the cycle class r{Q(w)) G HF'^'"[K,K) under 
the natural restriction map r : H^'"{A1) — > HF^^ {K, K). If G{w) vanishes, one map in the 
concatenated exact triangle vanishes, and we therefore see that is a summand in an iterated 
cone amongst the objects {l^j }- If the cycle class is not trivial but quantum product with the 



(ci(T''*(W),/3) +dimc(A/). 



> HF{V, K)®V ^ Tv{K) 




K nr^ K = K 



(3.7) 
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cycle class is nilpotcnt, we can run the same argument after taking an iterated fibre sum of the 
Lefschetz fibration with itself. □ 

Proposition 3.9. // the vanishing cycles {Vj} all lie in the summand 5'(A/; A) and for some 
positive relation w in the tvj the cycle class G{w) is a multiple of ci{M) — Aid, then the {Vj} 
split- generate D'"J{M] A). 

Proof. The image of the cycle class under the natural map QH*{M) — >■ HF{L, L) is zero for any 
L S Ob5'(M; A), by definition of that summand of the category, cf. Equation 13.41 The proof 
now proceeds as before. □ 

This is particularly useful when A = 0, for the nilpotent summand. 

3.4. Functors from quilts. Geometrically, functors between Fukaya categories are obtained 
from counts of quilted holomorphic surfaces, using the theory developed by Mau, Wehrheim and 
Woodward |1041 11051 IS51l64j . They begin by defining an extended category J''^{M) which comes 
with a fully faithful embedding 5'(M) ^ 3''^{M); objects of the extended category are generalised 
Lagrangian submanifolds, which comprise an integer fc > 1 and a sequence of symplectic manifolds 
and Lagrangian correspondences 

{{pt} = Mo, Ml, ... , Mfc = M); L,,,+i C M^ x M,+i, 0<t<k-l 

where {X,uj)~ is shorthand for (X, — w). These form the objects of a category H{3^'^{M)), in 
which morphisms are given by quilted Floor cohomology groups. A quilted {d + l)-marked disc 
is a disc D G <C with boundary marked points {zq, zi, . . . , zj} and with a distinguished horocycle 
- the seam - at the point zq. Any quilted Riemann surface whose boundary components are la- 
belled by Lagrangian submanifolds and whose seams are labelled by Lagrangian correspondences 
determines an elliptic boundary value problem. This problem studies a collection of holomorphic 
maps, one defined on each subdomain of the surface, subject to Lagrangian boundary conditions 
as prescribed by the labelling data along boundaries and seams. There is an Aoo-category J''^{M) 
underlying the cohomological category H{3''^{M)), in which the higher order operations count 
suitable quilted disks. 

The moduli space Aid,i of nodal stable quilted l)-marked discs (which we shall not define) 
is a convex polytope homeomorphic to the multiplihcdron. The codimcnsion one boundary faces 
of the multiplihcdron correspond to the terms of the quadratic Aoo-functor equation 

), . . . , J"(ajj^_i, . . .ai)) 
= ^(-1)*^"'' J"(a„, . . . , aj,n'^{aj^d, • ■ • , aj_d-i), flj-d, . . • ai) 

d 

for an Aoo-functor : si/ ^ Man's gluing theorem [64] shows that the counts of nodal 
stable quilted discs indeed reflect the combinatorial boundary structure of the Md,i and hence 
the ^doo-functor equations. It follows that to every monotone, oriented and spin Lagrangian 
correspondence C M~ x N, there is a Z2-graded Aoo-functor J^^b : y^{M) ^'^{N) defined 
on objects by 

L — > F^iiV) taking (ii, L23, • • • , -^fc-i^fe) (^i, ^23, • • • , ifc-i,fc, i'') 

and on morphisms and higher products by a signed count of quilted discs. The upshot is the 
following. 

Theorem 3.10 (Mau, Wehrheim, Woodward). Let M and N he monotone symplectic manifolds. 
The association 1—^ J^^t defines a 'L2-graded A^o-functor 

$ : 3^{Nr X N) — > nu-fun{1*{M),3^*{N)). 
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Wc will combine this general theory with an argument from [5], which uses properties of 
Yoncda embeddings to deduce that, in special cases, the Mau-Wehrheim- Woodward functor is 
actually fully faithful. 

Corollary 3.11. In the situation of Provosition lKyi the Hochschild cohomology 

HH*{D''J{M- A)) QH*{M; A) 
is isomorphic to the X-generalised eigenspace of guantum cohomology. 

Proof. We will use quilts to resolve the A-summand of the diagonal A C M x M, which in turn 
will yield information on Hochschild cohomology. Recall from Proposition 13.61 that the Dehn 
twist acts on the Fukaya category via an algebraic twist, hence sits in a canonical exact triangle 
of functors 

id ^ 7l ^ Hom{L, ■) ® L ^ 

in nu-fun{y{M)^ 3^{M)). This triangle is the image under the Mau-Wehrheim- Woodward functor 
$ of a triangle 

Am ^ T{tl) Lx (3.8) 

with Am the diagonal and ^{tl) the graph of the geometric Dehn twist, cf. |106( Theorem 7.2]. 
The functor $ is in general not fully faithful. In the setting of Proposition 13.91 we let A{AI) 
denote the subcategory generated by the vanishing cycles {V,} and let A{M x M) denote the 
subcategory generated by product Lagrangians Vi x Vj. We define ^1® C 3^'^{M) to comprise 
those generalised correspondences 

{{pt} = Afo, Ml, ...,Mk= M); L,,,+i = V, x V,, C A//" x A/,;+i, Q<i<k-\ 

so each correspondence lies in A{M x M). Lemma 7.5 of |2] shows Tw{A) ~ Tw{A®), and 
moreover that $ induces a functor 

$ : A{M X A/) -> riM - fun{Tw'^ A® {M),Tw'" A® {M)) 

which is a fully faithful embedding [21 Lemma 7.8]. Note that this argument relies on the existence 
of chain-level units in the Fukaya category satisfying 

^^(e,e)=e; ^''(e, . . . , e) = for fc > 2. 

In [2] these existed for grading reasons; in general, to obtain such units one must pass from the 
Fukaya category to its category of modules, in the manner of [3 Section 4]. In the situation at 
hand, Tw''A{M) ~ Tu7''( J(M; A)), by Proposition [3Jl We now go back to the proof of that 
Proposition; the argument, lifted by $ to the category J{AI x M) as in Equation l3.8[ leads to a 
collection of exact triangles which concatenate to one of the shape 

AA/^r(J]Ty.p^(FxO 

where the third term is built out of product Lagrangians of the shape Vj x ry. (T4) and the first 
arrow is given by quantum product by the cycle class C{w). Since HF{Am, Am) = QH*{M) as 
a (5i?*(M)-module, the first arrow in this triangle vanishes on the idempotent summand of Am 
corresponding to QH*{M; A). In other words, that idempotent summand A^ of the diagonal is 
split-generated by product Lagrangians, and lies in the split-closure of the category A{AI x M). 
At this point, we infer that $ restricted to the extended category 

A^^ (M X M) 
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which comprises product Lagrangians and the relevant summand of the diagonal, is also a fully 
faithful embedding. Since the diagonal maps to the identity functor of Tw'^A{M) C (M), 
this implies that 

i?F((A, A);A) ^ i/om„„_/„„ (id, id) 

where the RHS is computed in endofunctors of Tw'^A{M) ~ Tw'^3^{M; A). But then the natural 
transformations of the identity functor exactly compute Hoclischild cohomology. □ 

For any endofunctor S : -A — > 7l of an Atxj-category, there is a Hochschild cohomology group 
HH* (9) = H{hom fun{A,A) (S, id), generalising the Hochschild cohomology of the category which 
arises for 9 = id. Symplectomorphisms of a monotone symplectic manifold act naturally on the 
monotone Fukaya category. Write HF{(j)) for the fixed-point Floer cohomology of a symplecto- 
morphism 0, so HF (id) = QH*{M) by the Piunikhin-Salamon-Schwarz isomorphism. As usual, 
the group HF((j)) is a module for quantum cohomology, hence has an eigenspace splitting into 
summands indexed by Spec(*ci(M)). 

Corollary 3.12. In the situation of Provosition for any (j) G Symp(M) in the subgroup 
generated by Dehn twists in the vanishing cycles Vj inducing a functor 9<ji of 3^{M; X), one has 

Proof. We use the standard identification HF{(f)) = HF(r^, A) where F^ C A/ x M denotes 
the graph. The A-summand of this graph is resolved by suitable product Lagrangians built from 
the vanishing cycles, as in Corollary 13. Ill The proof now proceeds as before, using fullness and 
faithfulness of the Man- Wehrheim- Woodward functor in this setting. □ 

Remark 3.13. For any subcategory A C ?'(A/), there are always natural open-closed string maps 

HH^{A,A) QH*{M) HH*{A,A). 

Abouzaid [T] proves (in the exact case, and for wrapped Floer cohomology) that if the unit is 
in the image of the first map, then A split-generates the Fukaya category. Such split-generation 
results are often proved by showing that the diagonal is resolved by products, in the manner 
of Beilinson's classical argument for sheaves on projective space. In our case, we know from 
Proposition 13.91 that the appropriate A split-generates, without knowing that the diagonal is 
resolved by products. Quilts enable us to refine split-generation to this more geometric fact, 
which in turn has consequences for quantum cohomology. 

Suppose Lq C X N and L\ C x P are Lagrangian correspondences. Their geometric 
composition is given by pulling Lq back to M x N x N x P, intersecting with the diagonal 
M X Ajsf X P, and pushing forward to N~ x P; in general, although the intersection can be made 
transverse, the push-forward is only immersed. 

Theorem 3.14 (Man, Wehrheim, Woodward). Given correspondences Lq C M~ x N and L\ C 

N~ X P with the geometric composition Lj o Lq C M~ x P smooth, embedded and transversely 
cut out, there is a quasi-isomorphism of functors 

J- T b _ r b — J' J b O J- J b . 

The construction of a morphism in the functor-category between .T^^b^^^b and J^^b comes 
from counting "biquilted" disks with two interior seams (two parallel horocycles). The quasi- 
isomorphism statement is a difficult result which relies on a delicate strip-shrinking argument 
for the associated cohomological functors, proved in detail in |105| . A different proof of the 
cohomological isomorphism has recently been given by Lekili and Lipyanskiy [60] . 
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3.5. Grading and deformations. A onc-paramcter deformation of A^o- categories is an A^o- 
catcgory Aq over K[[(7]], with fij^^ = fi'j^ + 0{q), i.e. 

t^A,=t^A + qt^A,j + q^f^A,^^ + --- (3.9) 

with, each fi'j^ j comprising K-linear maps 

horuA {Xdi , Xd) (E) ■■ ■ (E) honiA {Xi , X2) -> homA {Xi , Xd) [2 - d\ 

for any {Xi, . . . , Xd) &{OhA)'^. The operations should be q-adically convergent (for us they 
will always vanish for (7 3> 0). In applications, such deformations of Fukaya categories will arise 
from (partial) compactifications of symplectic manifolds M C A/, obtained by adding in a divi- 
sor A = M\M disjoint from the Lagrangian submanifolds under consideration. The operation 
i^%(M) j ^^^^ count pseudoholomorphic d-gons with multiplicity j over A, so setting q = corre- 
sponds to working in the open part M = M\A. Assuming that one can achieve transversality 
within the class of almost complex structures which make A C Af a pseudoholomorphic subman- 
ifold, positivity of intersections ensures that the /ij^ are compatible with the filtration on Floer 
cochain complexes in M by powers of q. Under suitable monotonicity hypotheses on M, one can 
further set (? = 1 since all series converge. 

The formal parameter g of a deformation arising from a partial compactification of an open 
symplectic manifold with ci = typically has non-zero degree. 

Lemma 3.15. // the first Chern class Ci(M) = r[A], with r E Q, then deg{q) = 2r. 

This is a consequence of the index theorem for the Cauchy-Riemann equations with totally 
real boundary conditions, see [92l Section 11]. It is most familiar in the case when ci{M) = 0, 
and the deformed category is Z-graded, or when A C M is an anticanonical divisor and the 
deformation parameter has degree 2 (for instance, deforming the cohomology of the zero-section 
T" C (C*)" from an exterior algebra to the Clifford algebra on compactifying to CP", with A 
the toric anticanonical divisor). 

Suppose then ci{M) is effective, that ci{M) = 0, and fix a holomorphic volume form 77 € 
H'^{Kj^j) with poles of order r along the divisor A C M. We denote by the absolute indices 
for generators of Floer complexes between graded Lagrangian submanifolds (which are assumed 
to lie within the open part M). If L' is obtained as a Hamiltonian perturbation of L for a 
Hamiltonian function whose restriction to L is Morse, the index i^ of a point of L n L' is equal to 
the Morse index of the corresponding critical point. Suppose now one has a holomorphic polygon 
u : D — > M with Lagrangian boundary conditions in M . In this setting, 

fe 

vdim(u) = i''(a;o) - ^ i''{xk) + /c - 2 + 2rA • im(u) (3.10) 

for a holomorphic (fc -I- l)-gon with one outgoing boundary puncture xq (the sign of the last term 
corresponds to the fact that 77 has poles on A = r • PD[ci{M)], and the virtual dimension is 
increased by adding positive Chern number components). 

3.6. Formality. A natural and recurring question studying Fukaya categories is to determine 
the Aoo-structure on an algebra A = (BijHF{Li, Lj), where the {Li} are some finite collection 
of Lagrangians distinguished by the geometry in some fashion. In general this is a rather in- 
tractable problem, but in the case when A is smooth and commutative, -structures up to 
gauge equivalence correspond to classical Poisson structures, by Kontsevich's formality theorem. 
The particular case of this that pertains to exterior algebras was used by Seidel in computing 
?'(S2), and will play an important role later. 
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Let A be a Z2-graded algebra. We will be interested in Z2-graded Aoo-structures on A which 
have trivial differential. Such a structure comprises a collection of maps 

: A^' ^ A},>2 

of parity i; usually we will assume that the product agrees with the given product on A, and 
consider (a*)i>3. We introduce the mod 2 graded Hochschild cochain complex 

CC'+^{A,A) = Y[Hom^'+'\A'^\A) 

i>2 

where Hom^*^^^ means we consider homomorphisms of parity • + i. This carries the usual 
differential dec and the Gerstenhaber bracket [•, •]. 

Remark 3.16. The shift in grading follows the convention of [93], since we will later imitate some 
arguments from that paper. The shift fits with a view of Aoo-structures as defined by formal 
super-vector fields, but disagrees with the usual conventions of the bar complex. One typically 
incorporates a formal parameter q of even degree into CC*^^{A, A), which makes the resulting 
Lie algebra g = CC"+^[[g]] filtered pronilpotent. This is necessary to guarantee convergence 
of formal gauge transformations; ioo-quasi-isomorphisms of filtered pronilpotent ioo-algebras 
induce bijections between equivalence classes of Maurer-Cartan elements. In the sequel, we will 
encounter gauge transformations on exterior algebras A* (C'^) arising from formal diffeomorphisms 
of which can be seen explicitly to act on Aoo-structurcs defined over C, cf. Equation 13.131 
Geometrically, the formal parameter q can be incorporated as that of a deformation obtained by 
partial compactification, in the sense of Equation 13.91 The power of q in any given expression is 
therefore determined by Lemma [3.151 and can be reconstructed from the other geometric data. 
To simplify notation, we omit this parameter throughout, compare to |931 Sections 4,5]. 

Aoo-structures (a*) on A which extend its given product correspond to elements of CC^{A, A) 
satisfying the Maurer-Cartan equation 

da+^[a,a]^Q with = a'^ ^ 0. (3.11) 

The first terms of the Maurer-Cartan equation give 

da^ = 0; da* + ^[a^,a^]=0; da^ + [a^ ,a*] = 0, . . . (3.12) 

Elements (g')i>i of CC^{A, A), comprising maps A^^ — > A of parity i — 1, act by gauge trans- 
formations on the set of Maurer-Cartan solutions (a*)i>2, at least when suitable convergence 
conditions apply. Suppose that A is finite-dimensional in each degree; let g S CC'^{A,A) have 
constant term g° £ A^ vanishing. Define 

(f)^ =id + .gi + ig\gi H = exp(.gi), 

0' = 5' + + Wig^ ® id) + ^5'(id ® 9^) + \(f{9^ ® 9^) + ■ ■ ■ , (3.13) 

The term (p^ is the sum of all possible concatenations of components of 9 to yield a j-linear map. 
For a term involving r components, which may be ordered in s different ways compatibly with 
their appearance in the concatenation, the constant in front of the associated term is s(r!)~^, 
which ensures convergence oicfP . If a and a are Maurer-Cartan elements which are related by (g'), 
the associated Aoo-structures are related by 0, which is an Aoo-isomorphism. There are obvious 
simplifications to the formulae when = 0, which will be the case for gauge transformations 
acting trivially on cohomology relating solutions with = 0. 
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Lemma 3.17. Let A denote the Aoo-algebra defined by the Maurer-Cartan element a G CC^{A, A), 
with H{A) ~ A. The Hochschild cohomology HH*{A,A) is the cohomology of the complex 
CC*{A, A) with respect to the twisted differential dec + ['t^A- 

Proof. The Maurcr-Cartan equation for a implies that the twisted differential docs square to 
zero. The Lemma follows on comparing the resulting complex with the bar complex defining 
Hochschild cohomology of an Aoo-algebra given in Equation 13.51 □ 

Kontsevich's remarkable result [S^, specialised to the case of relevance in the sequel, is then: 

Theorem 3.18 (Formality Theorem, Kontsevich). When A = K{V) is an exterior algebra, with 
its natural 'L2-gfO'ding placing V in degree f there is an L^o-quasi-isomorphism 

$ : CC'{A, A) — ^ Sym'{V'^) ® K{V) 

between the Hochschild complex and its cohomology, the Lie algebra of polyvector fields. 

Remark 3.19. In fact, this $ is strictly left-inverse to an explicit quasi-isomorphism 

^ : Sym^V'"')® A(y) ^ CC {A{V), A{V)) 

defined by Kontsevich. The components of ^ are linear combinations 5** = ^ A' (g) Ll-pi , where 
ZYri is a multilinear operation indexed by a certain class of graphs {F*}, and the coefficients A* 
are explicit integrals over configuration spaces of points in the upper half-plane. 

The Lie algebra of polyvector fields on a finite-dimensional vector space V is the algebra 

Sym'{V'^)(g)A{V) = C[[V]] (g) A{V) . 
The Lie algebra structure comes from the Schouten bracket 

V i^^,9) e., A • • • A A • • • A e.. A A • • • A 0,+ (3.14) 

(9j,/) 6, A • • • A A • • • A 0, A A • • • A 6. . 

The quasi-isomorphism $ identifies gauge equivalence classes of Maurer-Cartan solutions. In 
particular, since the Schouten bracket vanishes on functions, any formal function W € <C[[V]\ 
defines a solution of Maurer-Cartan, hence an ^oo-structurc on A{V). Lemma [3.171 and the 
Formality Theorem 13.181 implv that the Hochschild cohomology of a Z2-graded ^oo-structure on 
A{V) defined by an element a E HH^ is given by the cohomology of the Z2-graded complex 

(C[[y]]® A™(T/)) {C[[V]]®A'"^'^{V)). (3.15) 

[■,"] 

The following Example will recur in the discussion of Fukaya categories of quadric hypersur- 
faces in Section [4?T] 

Example 3.20. Let V have dimension 1 and A ~ A{V), with basis l,x say. Any formal function 
W e C[[x]] of degree > 2 defines an ^txj-structure on A, which induces the given product if and 
only if the degree 2 component vanishes. Up to formal change of variables (gauge transformation), 
any 

W{x) ^ x'' + 0{x'''^^) ~ y'' vi&y = x{l + aix + a2x'^ + ■■ ■) 
is equivalent to a monomial, hence the resulting Aoo-structures are equivalent to those defined 
by monomial functions. Equation 15.111 simplifies to the complex 

— ^ C[[x]] ® {dx) C[[x]] 

with cohomology C[[x]]/(VF'(x)) given by the Jacobian ring, so the Hochschild cohomology of 
Ak = {A,W = x'') has rank k — 1. 
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Remark 3.21. For the ring R = <C[x\/{x'^ — 1), the Hochschild cohomologjQ group of the category 
of Z2-graded modules has rank 2 if deg{x) is even and rank 1 if deg{x) is odd (the latter fact is 
the computation of Example 13.201 in the special case fc = 1 , where the underlying product on A 
is itself deformed). This comes down to the fact that the group 

HijmRti)R{R® R, R) 

of bimodule homomorphisms has rank 2 in the first case, comprising the elements 1(8)1 a\-\-Px, 
but only rank 1 in the second, since for a Z2-graded map one must have 1 (g) 1 i-^ al. From 
another viewpoint, when deg{x) is even, R is semisimple, splitting into two orthogonal idempotent 
summands, but when deg{x) is odd the idempotents are not of pure degree and there is no such 
splitting. 

3.7. The Pukaya category of a curve. Take Sg = C A to be the unique curve branched 
over the points {O,^-', 1 < J < 2^ + 1}, where ^ is a primitive {2g + l)-st root of unity. We 
can exhibit embedded circles in C via matching arcs amongst these points, i.e. the projections 
of Z2-invariant curves to P^. For instance, when g = 2, 5 Lagrangian submanifolds {Lj} of C 
are determined by the arcs of the pentagram on the left of Figure [1] (the vertices are the 5th 
roots of unity); more generally there is a spikier {2g + l)-gram defining 2^ + 1 associated spheres 
permuted by the obvious cyclic symmetry. In an act of shameless innumeracy, we will refer to all 
these figures as pentagrams. If we divide C by the lift of this cyclic group action from P^ to C, 
all the circles {Lj} are identified with a single immersed circle L C in an orbifold with 
3 orbifold points each of order 2g + \ (these come from the unique preimage of g in C and 
the two preimages of oo £ P^). This immersed curve actually bounds no teardrops, hence Floer 
theory can be defined unproblematically for it, or one can work equivariantly upstairs. 




Figure 1 . Lagrangian spheres from the g — 2 pentagram and its g = 3 cousin; 
on the left one radial path and one basic path are also dotted. 



For any symplectic surface Eg,ajs of genus g > 2, let a : STY, — > S be the projection from 
the unit tangent bundle. Seidel defines the balanced Fukaya category, an Aoo-category linear 
over C, with respect to an auxiliary choice of one-form 6 £ il^{ST'S) which is a primitive for the 
pullback of the symplectic form, dO ~ cr*ujs. (Such forms exist since, by the Gysin sequence, 
H'^{STI],M.) = for .g(S) > 2.) Objects of the balanced Fukaya category are simple closed 
curves L C S for which j^L*j^d = 0, where ll : L STU is the tangent lift of L ^ S (these 
curves should be equipped with orientations and Spin structures as usual). Homotopically trivial 



^Classically, HH* would be 2-periodic and we're just taking HH^ and HH^ . 
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curves are never balanced; there is a unique balanced representative up to Hamiltonian isotopy 
in every other homotopy class of embedded curve. The balancing condition is an analogue 
of monotonicity; it implies that energy and index are correlated for holomorphic curves with 
balanced boundary conditions, which in turn means that the balanced category is defined 

over C. Different choices of 6 yield quasi-isomorphic categories, and the mapping class group V g 
acts by autocquivalences of D^3^{Yig), cf. [93]. 

Remark 3.22. An isotopy class of essential simple closed curve 7 C S defines two objects in 
modulo shifts, namely the balanced representative of 7 equipped with either Spin structure. 
Label these 7 and 7 for the non-trivial respectively trivial S'pm-structure. Then 

i7F(7, 7) - C - ffF(7, 7); i7F(7, 7) = 0. (3.16) 

One can equivalently regard 7 as the pair (7, ^) where ^ — > 7 is the non-trivial line bundle with 
holonomy in Z2, from which point of view one sees that the group H^(Tj\'L2) acts on 3^(S), 
tensoring by flat line bundles. 

Remark 3.23. One can combine the actions of diffeomorphisms and tensoring by flat line bundles 
into an action of the canonical split extension T spiit{'^g) of T g by Z2). Strictly, this is only a 

weak action, meaning that the functors Sg^ associated to group elements gi satisfy S(;i9g2 — ^3192 
(but we do not keep track of coherence amongst these isomorphisms). We will suppress this point 
in the sequel, but it would probably enter in reconciling the appearance of Tsput with Remark 
12.11 compare to [92l Remark 10.4]. 

We collect a number of other facts from the work of Seidel [93] and Efimov [29]: let V he & 
3-dimensional vector space over K = C. 

(1) The pentagram circles {Li, . . . , ^29-1-1}, each equipped with the non-trivial Spin struc- 
ture, split-generate ?'(Sg) (this is an apphcation of Proposition [2111); 

(2) The Floer cohomology algebra A = 0,^_^ti HF{L„Lj) ^ A*(y) x Z/{2g + 1), where V 
is graded in degree 1 and the exterior algebra inherits the obvious Z/2-grading; 

(3) The j4oo-structure A on A = H{A) is characterised up to Atxj -equivalence as follows: the 
operation fi'^ — /ig 4- /if -f- . . . decomposes as a sum of pieces fif of degrees 6 — 3d+{Ag — A)i; 
and there is a basis {xi,X2,X3} for V such that, if e generates A^{V), then 

^l{xi,X2,X3) = -e; /^^^^^(xi, . . . ,Xi) = e for i e {1, 2, 3} (3.17) 

(4) Concretely, the operation fif counts holomorphic polygons u which, projected to P^, have 
i = multu{oo) + {l/2)multu{0). 

The critical statement (3) is a "finite determinacy" theorem, and at heart is an application 
of Theorem 13.181 Unfortunately, we will not be able to use the result in quite this form: even 
working over C* C P^, the Fukaya category of the relative quadric Z^q^oo which appears later 
is not Z-graded. However, Seidel and Efimov deduce this finite determinacy statement from 
the result in singularity theory that a power series with an isolated singularity at the origin is 
determined up to formal change of variables by a finite part of its Taylor series. This result does 
not rely on gradings, so we will reduce ourselves to applying that directly. 

4. From the base locus to the relative quadric 

4.1. The Fukaya category of a quadric. Recall from Eauation ll.2l we are supposed to identify, 
categorically, a pair of points S^ and a smooth even-dimensional quadric Q. For completeness, 
we discuss quadrics of both even and odd dimension. 
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Lemma 4.1. A quadric hypersurface Q C contains a distinguished isotopy class of La- 

grangian sphere L, which is the unique sphere arising as the vanishing cycle of an algebraic 
degeneration. If n> 1, this sphere lies in the nilpotent summand 3^((5;0). 

Proof. A singular quadric is a cone on a quadric of lower-dimension, hence a quadric with isolated 
singularities has a unique singular point. In particular, a quadric can have at most one node. 
Moreover, the space of quadrics with one node is connected, since the generic point of the space 
of singular quadrics is given by specifying the location of the node and the smooth quadric of 
lower dimension which is the base of the cone, and these parameter spaces arc irreducible. This 
implies the first statement by a standard Moser argument. The minimal Maslov number of the 
Lagrangian sphere is 2n, so when n > 1 the sphere trivially lies in the nilpotent summand of the 
category (the obstruction class mo counts Maslov 2 disks through the generic point of i). □ 

Lemma 4.2. Let n = dimc(Q) and let tl denote the Dehn twist in the Lagrangian sphere L of 
Lemma \4-l\ 

(1) If n is odd, then tl is Hamiltonian isotopic to the identity. 

(2) If n is even, then tl G 7roSymp((5) has order 2. 

Proof. Consider a Lefschetz pencil of hyperplane sections of Q" C P"^'^, with general fibre Q"^^ 
and base locus Q""^. An Euler characteristic count shows that there are exactly two singular 
fibres, and the vanishing cycles for both singularities must be given by the sphere L, by Lemma 
14.11 Considering the monodromy of the corresponding family over P^, this implies that for any 
n, the square must be symplectically and hence Hamiltonian isotopic to the identity. Now 
consider instead the pencil of quadrics defined by 

n+l n+1 

- {E ^ 0}' = iE = 0} (4-1) 

which has singular fibres precisely at the {Aj}. More precisely tQ^ — Qi defines a singular 
hypersurface if and only if t G {Aj}, in which case it has a node. The vanishing cycles all equal 
L, and the monodromy of the corresponding family over Pi shows that r2+^ = id. If n is odd, 
the two results imply that ~ id. If n is even, the Dehn twist cannot have order 1 rather 
than 2, since it acts non-trivially on homology (reversing the orientation of L, on which it acts 
antipodally) . □ 

We recall the quantum cohomology ring of the quadric, as determined by Beauville |llj . 

Lemma 4.3. Let Q C P"+^ denote a smooth n-dimensional quadric hypersurface. The quantum 
cohomology ring admits the presentation 

• ifn^Ak + 2, {h,a,b \ = 4/i, h{a-h) = 0, ah ^ (/i" - 2)/2, = 1 = h"^); 

• ifn = Ak, {h,a,b I = Ah, h{a - b) =0, ab = 1, = {K^ - 2)/2 = b"^) ; 

• ifn^ 2k + I, {h I = Ah). 

The element h E QH^ is induced by the hyperplane class, whilst a,b G QH^^ are the classes of 
the two ruling 's on the quadric. 

Now take a pencil of quadrics {Qt}teP^ C P"+i generated by two smooth quadrics Qa,Qi 
meeting transversely. Let Z denote the relative quadric, the blow-up of P"+^ along Qo H Qi. 

Lemma 4.4. IfY is the blow-up o/P"+^ along a {di,d2)- complete intersection, with di > d2, 
then \pH — E\ is very ample provided p > di + 1. 

A proof is given in either of [20l |41] . Therefore Z is a Fano variety, in fact the anti-canonical 
class is very ample; this is obvious if one views Z C P"+i x P^ as a divisor of bidegree (2, 1). 
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Wc equip Z with the monotone symplcctic form. For generic pencils of quadrics, the fibration 
w : Z — > of proper transforms of quadric hypcrsurfaces is a Lefschetz fibration with (n + 2) 
singular fibres; Lemma |4 . 1 1 shows these all define the same vanishing cycle in Q. 

Example 4.5. Suppose n = 2g. The monodromy 

^i(pi\{A,})^^oSymp(g) (4.2) 

of the pencil (|4.ip factors through the cyclic subgroup Z2 generated by the Dehn twist t^, by 
Lemma 14.21 The monodromy therefore defines a hyperelliptic curve Sg branched over the 

points {Ao, . . . , A2g+i} C C C P^ 

Lemma 4.6. The nilpotent summand 3^{Q; 0) is split-generated by the Lagrangian sphere of 
Lemma \4.1\ 

Proof. Denote by w : — > P^ the Lefschetz fibration constructed above. We compute the 
cycle class C{w); we work with the given integrable almost complex structure J. Write L for the 
class of a line in P"+^, R for the ruling class of the exceptional divisor E C Z, and H for the 
hyperplane class on P"; so the intersection pairing H2n{Z) x H2{Z) — )■ Z is given by 

H.L = 1, H.R = 0, E.L = 0, E.R = -f . 

Since the class of the fibre 2H — E is base-point free, it meets every effective curve non- negatively, 
so effective curves live in classes dL — rR with r < 2d (and d > 0). The space of sections of w in 
a homology class /3 has virtual complex dimension ci{T'"'^{Z))[(3] + dimc(Q) = ci(Z)[/3] + n — 2. 
Therefore the space of sections has dimension greater than the fibre, and the cycle class vanishes, 
unless < ci(Z)[/3] = {n+2)d—r < 2, which forces d = and r e { — 1, —2}. Since sections satisfy 
{2H — E, [/?]) = 1, the case r — —2 is also excluded, so we are left with sections which are ruling 
curves, d = and r ~ ~1. All such curves lie inside the exceptional divisor E, since E.R = —1. 
Moreover, the curves are regular by the "automatic regularity" criterion of |661 Lemma 3.3.1]: 
we are dealing with holomorphic spheres for an integrable almost complex structure for which 
all summands of the normal bundle have Chern number > —1. The associated cycle class is 
therefore a copy of the base locus inside the fibre C{w) = Qq O Qi C Q. This is a multiple of the 
first Chern class of Q by the Lefschetz theorem; the result now follows from Proposition [2111 □ 

Lemma 4.7. Let C Q^^ be the Lagrangian sphere of Lemma \4-.1\ in an even-dimensional 
quadric. Then HF{L,L) is semisimple, and carries a formal A^o- structure. 

Proof. Since L has minimal Maslov number Ag — 2 > dim^{L) + 1, its Floor differential is 
undeformed and additively, HF{L,L) = H*{S'^^). We claim that the ring structure on this 
group is semisimple, so HF{L,L) = C[t]/{t'^ = 1). From Lemma |4.3[ the generators a,b of 
QH^^{Q) are invertible elements in the quantum cohomology ring, hence have invertible image 
in HF'^3{L,L), and the natural map QH*{Q) HF*{L,L) is surjective. This implies that 
the generator of HF^^ {L, L) has non-zero square; see for instance Biran-Cornea [131 Proposition 
6.33]. Formality of the Aoo-structure now follows from the Hochschild cohomology computation of 
Remark [3.21l More precisely, that computation shows that up to rescaling, the unique non-formal 
Aoo-structure treats the idempotent summands of 1^ asymmetrically, and hence the non-formal 
structure admits no autoequivalence which acts on HF{L, L) in the same way as the Dehn twist 
tl (this must act non-trivially since it reverses orientation on L, hence interchanges the two 
idcmpotcnts) . □ 

We remark that one can also derive the above formality result from the fact that the Lagrangian 
sphere is invariant under an anti-symplectic involution of the quadric, together with 4-divisibility 
of all its Maslov indices, using [311 Chapter 8]. 
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Lemma 4.8. Let L^fc+i ^ Q2fe+i f-j^^ Lagrangian sphere of Lemma \4.1[ in an odd- dimensional 
quadric. Then HF{L,L) 5^ Cli is quasi-isomorphic to the Clifford algebra with vanishing higher 
order products. 

Proof. Because the minimal Maslov number is 2fc, additively HF{L, L) = H*{S'^^^^)^ which with 
its natural mod 2 grading is additively isomorphic to an exterior algebra. According to Corol- 
lary [HITTl the Hochschild cohomology of the category 'J{Q \ 0) is isomorphic to the 0-generalised 
eigenspacc of QH*{Q), which from Lemma 14.31 has rank 1 for an odd-dimensional quadric. Ac- 
cording to Section 1321 ^oo-structures on the exterior algebra on one generator arc determined 
by formal power series W £ C[[x]] in one variable, and Example 13.201 shows both that the only 
structure with the correct Hochschild cohomology is the one in which the product is deformed, 
and that up to gauge equivalence one can assume that the higher products vanish. □ 

Let S'^ denote a zero-dimensional sphere (which is a rather trivial symplectic manifold), and 
continue to write Cli for the Clifford algebra structure on A*(M). 

Corollary 4.9. We have the following equivalences: 

• IfQC P2f+i is an even- dimensional quadric, D''3'{Q;0) ~ D''J(5"^). 

• If Q <Z P^^ is an odd- dimensional quadric, D^3^{Q]0) ~ D'^ {mod-Cli) , except when 
dim{Q) ~ 1 and the nilpotent summand of the category is empty. 

Proof. This is an immediate consequence of Lemmata 14.61 14.71 and 14.81 □ 

Remark 4.10. Every twisted complex in Tw3^{S'^) is quasi-isomorphic to a pair of graded vector 
spaces, one supported at each point of S*". The endomorphism algebra of any idempotent is 
therefore a sum of matrix algebras, hence has rank two if and only if it is a direct sum of two 
one-dimcnsional matrix algebras. It follows that, for an evcn-dimensional quadric, D'^3^{Q; 0) 
contains a unique spherical object up to quasi-isomorphism. 

4.2. Hyperelliptic curves and quadrics. This section expands on Example 14. 5 1 If S — )• is 

a hyperelliptic curve branched over the (distinct) points {Ai, . . . ,X2g+2] C C C P^, there is an 
associated pencil of quadric hypersurfaces {sQo + ^Qi}[s:t]epi: where 

Qo = {E = O} C IP''^'; = {E = O} ^ IP''^'- (4.3) 

Remark 4.11. The fundamental group of the universal family of hyperelliptic curves is a central 
extension 

1 ^ Z2 — > V'^y'P ^1 Conf2g+2(CPi) ^ 1 
with the first factor generated by the hyperelliptic involution. More explicitly, as Seidel pointed 
out (MIT reading group, unpublished notes), to identify the hyperelliptic curves 

= Wi^j - l^j^) and = Ylitj^j - tjl^jx) 

3 3 

associated to points (Aj, /Xj), {tjXj,tjfj,j) C C^\{0} relies on a choice of square root of H tj^ which 
is how the central Z2-factor arises when constructing parallel transport maps. (Accordingly, there 
is no universal hyperelliptic curve over Conf2g+2(P"'^) |67) . rather than over a covering space, 
which is why Addendum 11.21 was stated for once-pointed curves.) For the (2, 2)-interscction 
Qo C Qi C P^f+i^ corresponding fundamental group F fits into a sequence 

1 ^ Zl^+^ — ^ f — ^ TTi Conf2g+2(CPi) ^ 1 

Now the first factor l}^^^ = 12^^'^ ji^-i) acts by changing signs of homogeneous co-ordinates in 
P^^+^, and this can again be interpreted as choosing square roots of each ij (modulo changing 
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all choices simultaneously) when identifying 

It follows that the group F can be expressed as an extension 

where the first factor is the subgroup of even elements of Z^f+^. This is the group occuring in 
Corollary [LSI Denote by t a generator of Zg^, for instance 

[cco : xi : a;2 : . . . : X2g+\\ [-xq : -xi : X2 : ■ ■ ■ ■ X2g+i]. 

This has fixed point set on Qo H Qi the intersection of two quadrics in P^^'^^. Therefore, 

rki?*(Fix(i)) < rki7*(QonQi). 

The local-to-global spectral sequence of Pozniak [55] now implies that HF{l) ^ HF (id), which 
means that l € ttq Symp((5o H Qi) is non-trivial (by contrast, since it has zero Lefschetz number 
it acts trivially on cohomology) . From here, it is straightforward to deduce Corollary 11.31 from 
Theorem II .li either by direct consideration of the action of the mapping class group on J'(Eg), 
or by following the argument of Section [2.41 

From now on, we will always work with curves unhranched at infinity, and co-ordinate repre- 
sentations of the associated pencil of quadrics as in {4^.S^ . 

There are numerous classical connections between the topology of S and that of the base locus 
Qo n Qi, see [5^ 11031 [TU] : Reid's unpubhshed thesis is especially lucid. 

• There is an isomorphism 7J^(I]g) = H^^^^{Qo n Qi) of odd cohomologies. 

• The variety of {g — l)-planes in Qq n Qi is isomorphic to the Jacobian J(Sg). 

• The moduli spaces of smooth hyperelliptic curves and of pencils of quadrics for which 
the discriminant has no multiple root co-incide. 

The last statement in particular implies that, by taking parallel transport in suitable families, 
there is a canonical representation 

P ■ ^'g^i — > Symp((3o n Qi) 

from the hyperelliptic mapping class group of once-pointed curves (unbranched at infinity) to 
the symplectic mapping class group of the associated (2, 2)-complete intersection in P^s+i. 

Lemma 4.12 (Wall). An A^-chain of curves {71, . . . ,7^} C S each invariant under the hyper- 
elliptic involution defines an A^-chain of Lagrangian spheres {l^i, . . . , C Qo D Qi. 

When 5 = 2, this is precisely the content of Lemma [Z4l In general, it is a special case of Wall's 
[1031 Theorem 1.4], who showed that an isolated singularity in the base locus of a linear system 
of quadrics has the same topological type as the singularity in the discriminant of the family, 
provided all the quadrics have corank at most 1. For pencils, the only possible singularities of the 
(isolated) discriminant are multiple points, which are Afc-singularities; the Lagrangian spheres 
in the base locus arise as the vanishing cycles of the corresponding degeneration. In particular, 
a simple closed curve 7 C Eg invariant under the hyperelliptic involution defines a Hamiltonian 
isotopy class of Lagrangian sphere Vy C Qq H Qi. Note that when g = 2, once the identification 
Qo n Qi = M(I]2) is fixed, V-y is actually defined canonically and not just up to isotopy. 

Remark 4.13. A classical result of Knorrer [SI] asserts that if Qo n Qi is a complete intersection 
of two quadrics in P^f+i with isolated singularities, then the number of singular points of Qo H Qi 
is at most 2g -\- 2 (these are then necessarily all nodes, and the bound is realised). The curve 
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Eg admits at most g + 1 pairwisc disjoint balanced simple closed curves invariant under the 
hyperelliptic involution, each of which can carry cither of two Spin structures, so this fits nicely. 

Consider now a net of quadric 25-folds in P^s+i^ spanned by Qo = {J2^j ~ 0}i Qi = 
{S "^j^j = 0} s-'^d Q'2 = {Sj t^j^j = 0}- We suppose the scalars Xj and fit are generic and in 
particular pairwise distinct. Indeed, we make the stronger hypothesis that the discriminant 

{ [so : si : S2] e I det{soQo + siQi + S2Q2) = O} 

defines a smooth curve B C of degree 2g + 2, and hence a smooth surface 7^ — > P^ double 
covering the plane branched along B. The preimages of a generic pencil of lines in P^ define 
a genus g Lefschetz pencil on K with {2g + l){2g + 2) singular fibres (the degree of the dual 
curve to the branch locus) and two base-points. The monodromy of this pencil is well-known: if 
ti denotes the Dehn twist in the curve Q of Figure [31 the monodromy when 5 = 2 is given by 
(tit2t3t4t5)^ = id (or, in the pointed mapping class group, the same expression is the product of 
the Dehn twists tg-^tg^ around the two punctures, which lie in the two halves of the surface given 
by cutting along the {Cj})- For g > 2 one gets the obvious generalisation (ti . . .^29+1)^^'*'^ = id. 
After compactifying by adding in one of the two points of the base locus, one can view this 
monodromy as determined by a representation r] : 7ri(5'^\{Crit}) ^g,i- 




Figure 2. Dehn twists for the genus 2 pencil on K3 



There is also a distinguished pencil of quadric-quadric intersections on the 2g-fold Q2 = 
{S l^j^j — which is a Lefschetz pencil by Lemma [4.121 again with {2g + l){2g + 2) singular 
fibres. Let W — >■ S*^ be the Lefschetz fibration with fibre Qo D Qi given by blowing up Q2 at the 
base of this pencil (if g = 2 this is a blow-up along a genus 17 curve). 

Lemma 4.14. W is defined by p o rj : 7ri(5^\{Crit}) — > ttq Symp((3o n Qi). 

This is true essentially tautologically, by definition of p. There are {2g + l){2g + 2) singular 
fibres in W, defining a collection of that many Lagrangian {2g — l)-spheres in Qo O Qi. These 
actually only give rise to {2g + 1) distinct Hamiltonian isotopy classes {V^} C Qo H Qi; when 
g = 2 these are associated to the 5 distinct vanishing cycles {Cj} in the pencil on the sextic K3, 
cf. Figure El 

Lemma 4.15. The Lagrangian spheres {Vj} split- generate D'^J{Qo (5i;0). 

Proof. We have a basis H, E comprising the hyperplane and exceptional divisor for H'^{'W), dual 
to a basis L,—R of a line and ruling curve for 7?2(W). Working with the obvious integrable 
almost complex structure, rational curves in W must meet the fibre non-negatively, which means 
that curves only exist in classes dL — rR with r < 2d; on the other hand, curves in classes with 
a positive coefficient of R meet E negatively, hence are entirely contained in that divisor. The 
cycle class C{w) of w : W — > S*^ counts curves in homotopy classes /? for which 

vdimciM{(3)) = ci(T^*(W))[/3] + dimdEibre) = ci(W)[/3] + 1 
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is at most the dimension of the fibre, here {2g — 1); that forces ci(VF)[/3] < 2g — 2. But ci(W) = 
2gH — E, and together with the constraint r < 2d, it fohows that only curves in classes which 
are multiples of R can count. Since we only count sections, that means we are actually interested 
in _R-curves. These are automatically regular, being spheres whose normal bundle is a sum of 
bundles of Chern number > —1, and the regular moduli space forms a copy of the base locus 
of the pencil. But this is exactly a cycle representing the first Chern class of the fibre, hence 
Proposition 13.91 applies. □ 

Corollary 4.16. There is a ring isomorphism HH*{3^{Qo n Qi);0)) = H*{T,g). 

Proof. Corollary EH] implies that HH*{3'{Qor\Qi;0)) = QH* {QqDQi;^). The odd-dimensional 
cohomology H^^^^{Qo n Qi) is isomorphic to iJ^(Sg), is generated by Lagrangian spheres of 
minimal Maslov number > 2, and therefore lies entirely in the zero eigenspace for the action of 
*ci. The quantum cohomology ring of Qq n Qi was determined by Beauville [11]: QH*{Qq n Qi) 
is generated by the primitive middle-degree cohomology and a class h subject to 

with S the intersection pairing. This implies that QH*{Qq n Qi; 0) has rank 2g + 2; checking the 
ring structure is easy algebra (we did this for 5 = 2 in Lemma l2.3p . □ 

4.3. Idempotents for functors. We require a functoriality property of split-closures of A^o- 
categories. We begin by recalling the construction of a split-closure. An idempotent up to 
homotopy for an object y g is an Aoo-functor from IK to yi taking the unit of the field to Y . 
Explicitly, this amounts to giving a collection of elements 

p'' e /iomif'^(r,r); d>i 

satisfying the equations 

EV^ r ^ s, s\ I P"^^^ if (i is even, 

}^ /iSi(p^S...,p^'-) = r . (4.4) 

it d IS odd 

summing over partitions Si + - ■ ■ + Sr ~ d. If p £ Homfj(^ji^{Y, Y) is an idempotent endomorphism 
in the cohomological categorjH, there is always an idempotent up to homotopy p for which 
[p^] = P [Ml Lemma 4.2]. Any Aoo-category has a split-closure 11^1, meaning a fully faithful 
functor A — ^ TiA with the property that in the larger category all asbtract images of idempotents 
up to homotopy are quasi-represented. The abstract image of p (an idempotent with target 
Y A) is a certain Aoo-module Z in mod-A, with underlying vector spaces 

X I— > homj\{X ,Y)[q] where g is a formal variable of degree —1 



and with operations beginning with 



iA,m) = y^ V c+-+^>:,(p^'-,...,p^%&(<z))+Afe(g). 



Here 5q is normalised formal differentiation, ^ q^^^ and q^ i-> 0, whilst A denotes antisym- 
metrization followed by 5q (we will not write out the higher order operations). By |921 Lemma 
4.5], one has the critical property that: 

HomH(mod~A){'^,'^') = e- HomH(A){Y,Y') ■ e (4.5) 

whenever 2, and Z' are the abstract images of idempotents up to homotopy with targets Y, Y' 
corresponding to cohomological idempotents e e Hom}^^ji-^{Y,Y) and e' G Homj^^ji){Y' ,Y'). 



^Since our categories are Z2-graded, such idempotents are necessarily of even degree. 
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Lemma 4.17. Let A, 23 and C be non-unital A^o- categories and suppose there is an A^o-functor 
$ : .A — > nu-funlJE^G). To each idempotent up to homotopy p for Y Cz A one can canonically 
associate an element of nu- fund's, HG). 

Proof, p is defined by a functor IK — > yi so there is a composite functor K — >■ nu-fun{'B, C) with 
target $y. This is defined by a sequence of elements 

The degree zero term in this morphism of functors yields elements 

P^^^B) e homlr^{<i>YiB),'^Y{B)) 

which satisfy the conditions of Equation 14.41 Thus p$y(_B) is an idempotent up to homotopy for 
^y{B) G C, for each i? e 23. The functor $y is defined by a collection of natural maps 

hom-s{Bd-i, Bd) ® • • • hom'BiBi,B2) ^ /iome($y(Bi), $y - d] 

We claim these induce maps 

hom-B{Bd-i,Bd) hom-B{Bi,B2) homneip<s>Y{Bi), P<s>y{B2))[^ - d] 

where p, denotes the abstract image of the given idempotent. To see this, since IIC is by 
definition a certain category of modules, thus of functors from C to chain complexes, an element 
of ft,omne(9^, S) is explicitly defined by the collection of maps 

homeiCd-i,Cd) /ioTOe(Ci, Ca) ^ homch{3'{Ci),9{Cd)). 

Taking the functors 3^ = $y(i?i) and S = ^Y{Bd), we require maps 

home{Cd-i,Cd) (E) ■ ■ ■ (E) home{Ci,C2) — > 

homch {home{Ci, home{Cd, 

These are canonically obtained by using composition /ig in the category C. It is a straightforward 
check to see that the construction is compatible with varying B, hence yields a functor from 23 
to nC as required. □ 

Corollary 4.18. There is a natural functor HA — ^ nu-fun{'B,IlC). 
We will not need this stronger result and omit the proof. 

4.4. An illustrative example. Let X = BIq{€?) denote the blow-up of the complex plane at 
the origin. We equip this with a symplectic form giving the exceptional divisor area c > 0. Let 
Clk denote the Clifford algebra associated to a non-degenerate quadratic form on C'^, of total 
dimension 2^ . 

Lemma 4.19. X contains a Lagrangian torus T which, equipped with the Spin structure which 
is non-trivial on both factors, has HF{T, T) = CI2 7^ 0. 

Proof. There is a natural Hamiltonian torus action on C^, which is inherited by the blow-up 
since we have blown up a toric fixed point. The relevant moment polytope is depicted in Figure 
[31 in this figure the fibre lying over the black dot, placed symmetrically at the "internal corner" 
of the polytope, defines the Lagrangian torus T . 
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Figure 3. A Lagrangian torus in 0(— 1) 

All the holomorphic disks with boundaries on the fibres of the moment map can be computed 
explicitly, cf. [HI [7]; in this case the torus bounds 3 families of Maslov index 2 disks, all having 
the same area, so T is in fact monotone. The three dotted lines emanating from the black dot 
in Figure [3] are schematic images of the three Maslov index 2 disks through a point; the disks 
actually fibre over arcs in the affine structure on the moment polytope determined by complex 
rather than symplectic geometry, but the disks do intersect the boundary facets as indicated. We 
equip T with the Spin structure which is bounding on both factors. The contributions of these 
disks to the Floor differential and product can be determined explicitly exactly as in op. cit.; 
the Lagrangian moment map fibres with non-zero Floor cohomology for some Spin structure are 
precisely those lying over critical values of the superpotential, which in this example is 

W{zi,Z2) = Zi + Z2 + e'^ZiZ2. 

The constituent monomials are indexed by the toric boundary strata of the moment polytope, 
cf. [71 Proposition 4.3], with the logarithm of the corresponding coefficient giving the distance 
of the defining hyperplane from the origin in R^. There is a unique critical point (— e""^, — e""^) 
lying over the fibre of the moment map given by the black dot (c, c) = {—log\zi\, —log\z2\). Since 
the critical point is non-degenerate, this torus has HF{T'^,T'^) = Ch- □ 

Remark 4.20. The torus T is actually special Lagrangian with respect to the pullback of the 
holomorphic volume form dzi/zi A dz2/z2 from C^. The pullback has first order poles along the 
proper transforms of the axes and the exceptional divisor, hence any Maslov index 2 disk must 
meet this locus transversely once, as in Figure |31 

For another viewpoint on the Lagrangian torus T C 0{—l), recall the construction of the 
symplectic blow-up. We let 

0(-l) = {((Z1,Z2),[W1 : W2]) e X Pl I ZiW2=WiZ2} 

be the standard embedding of the tautological line bundle and write 0(— 1)^ = $^^(_B((5)) for 
the preimage of the ball B{5) C under the first projection $. The standard symplectic form 
giving the exceptional sphere area irx^ > is just Q,^ ~ ^*u!std + X^^'pi'^FS- where uips is the 
appropriately normalised Fubini-Study form on the projective line. The basic observation, see 
e.g. [BH Lemma 7.11], is that 

(0(-l)AO(-l)o,^^x) = iB{^x' + S'\B{x),iOstd)cC'. (4.6) 
Thus there is a symplectic form on the blow-up with area c on the exceptional sphere whenever 
a ball of radius strictly larger than c/a/tF embeds in the original space. Now take the equator 
S^ C = E inside the exceptional divisor. Consider the union of the circles inside fibres 
lying over the equator which bound disks of area c; from the above discussion, such a tubular 
neighbourhood embeds in the blow-up (in general this will be true if c is sufficiently small, but a 
ball of any size fits in C^). The torus T swept out by these fibres of constant radius is Lagrangian, 
since via Equation 14.61 it comes from a Clifford- type torus inside a sphere in ; it is invariant 
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under the usual x action, and in fact co-incides with the toric fibre discussed in Lemma 

EH 

To put the reformulation in a more general context, note that we have correspondences 

Ti = Sl^ C {pt} xF^^E; r2CExX (4.7) 

with r2 = di>E the 3-sphere which is the boundary of a tubular neighbourhood ve of the ex- 
ceptional curve, viewed not as a submanifold in X but in the product E x X. This 3-sphere 
is the graph of a Hopf map from C^\{0} — >■ P^. We claim that for suitable symplectic forms, 
these correspondences are monotone Lagrangian (compare to Remark l3.5l to see why this is deli- 
cate). Let (•,a;)~ denote the symplectic manifold (•, — w). Recall that a co-isotropic submanifold 
W C {M,ujm) with integrable characteristic distribution and reduced space {N,ll!n) defines a 
Lagrangian graph in {N,ujn)^ x [M^ujm). 

Lemma 4.21. Equip = with the symplectic form 2uips of area 27r, and equip X = 0{—l) 
with the symplectic form Q,i giving the zero-section area tt. Define Ove as the boundary of 
the sphere of radius \pl in C^, viewed via (j4.6p as the boundary of the unit disk subbundle 
0{—l)i C 0{—l). Then the correspondence T2 C E^ x X associated to ve is a monotone 
Lagrangian submanifold. 

Proof. The key point is that the symplectic form on P^ obtained by taking the reduction of the 
coisotropic submanifold ve C (©(—1), fii) has area 27r, even though the zero-section in that line 
bundle has area tt. This is clear from the description of (|4.6p . or from a toric picture, Figure |3] 
(the line parallel to the boundary facet defining the exceptional curve and passing through the 
distinguished point • defines a co-isotropic 3-sphere, and the reduced space is obviously a P^ of 
area determined by the radius of the corresponding ball in before blowing up). Therefore, 
the co-isotropic r2 defines a Lagrangian graph inside (P^, ~2ijJfs) x (C'(— 1), i^i). On the other 
hand, the first Chern class of this product is the class (-2, 1) e i72(pi) © ^^(^(-l)) Z^, so 
T2 is indeed monotone. □ 

The composite of the two correspondences 

Li o Ts C {pt} X X 

is exactly the Lagrangian torus T . This also partially explains the particular choice of Spin- 
structure on T; it should be equipped with a S'pin-structure which in the r2-direction is inherited 
from the ambient correspondence S^, hence on that circle factor we must pick the bounding 
structure. 

Lemma 4.22. The Lagrangian torus T of Lemma \4.19\ has a non-trivial idempotent. 

Proof. CI2 is a matrix algebra, hence splits into two idempotents each of which has endomorphism 
algebra of rank 1. More precisely, if CI2 is generated by x and y of degree 1 subject io xy-\-yx ~ 1 
with x^ = = y^, then xy = e"*" and yx ~ e~ are idempotents; the morphisms between the 
corresponding summands of T are HF{e'^, e^) = IK. □ 

Remark 4.23. The proof shows there are two "indistinguishable" idempotents in HF(T,T), and 
one could use either in the construction of the functor below. In fact, 

e+^e"[l] and e"=e+[l] 

(which is compatible with the fact that the double shift is isomorphic to the identity in the 
Z2-graded Fukaya category). The same binary choice appears on the mirror side, when one 
considers Knorrer periodicity for Orlov's derived categories of singularities. In principle, this 
choice fibrewise in a family of Clifford-like 2-tori could lead to an obstruction to the existence of 
a global idempotent, but this obstruction will vanish when we later blow up the base- locus of a 
pencil of hyperplanes. 
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Remark 4.24. Non-triviality of HF{T,T) implies that the Lagrangian correspondences Ti are 
non-trivial elements of their Fukaya categories. Note that the individual correspondences Fi = 5*^ 
and r2 = cannot split for reasons of degree: in both cases only the identity lives in HF™ . 

The composite correspondence Fi o T2 has an idempotent summand which defines a functor 

$(e+) : J({pt}) ^ Tvo'^'JiX) (4.8) 

which takes the unique Lagrangian submanifold of the base locus {pt} to an object on the RHS 
with the same Floer cohomology; i.e. the summand of the functor is fully faithful. To obtain a 
slightly less trivial example, one can consider blowing up a collection of points in by equal 
amounts. Taking a common size for the blow-ups implies that the resulting space contains 
Lagrangian 2-spheres, which arise from the symplectic cut of trivial Lagrangian cylinders in C^. 

Example 4.25. Let p = (0,0) € and consider the arc 7 C M+ C C = {u; = 0} C C^, with 
co-ordinates {z^w) on C^. The blow-up at p is effected symplectically by choosing a ball with 
boundary 

Si = {\z\^ + \w\^ = e^} 
and quotienting out Hopf circles. Suppose now we consider the circles {\'w\ = e} lying over the 
arc 7 C {w = 0}. The union of these circles is a Lagrangian tube in which meets only over 
the end-point of 7 at the origin, where the intersection is precisely the circle {z = 0, \w\ = e} 
which is collapsed in forming the blow-up, cf. Figured 




Figure 4. The symplectic cut of a Lagrangian tube in BlpUqi'C?) (the dotted 
balls are collapsed in performing the blow-up) 



The Lagrangian tube therefore defines a smooth Lagrangian disk in Blp{€?). If we now blow 
up at p = (0,0) and q = (2,0), with equal weights c = ne^ at the two-points, there is a 
Lagrangian sphere L C BlpUqC^ in the homology class ±(£'1 — £2). This arises from a pair of 
such disks, and is naturally a matching sphere associated to a path 7 C C = {ui = 0} between 
the points p ~ (0, 0) and q ~ (2, 0). 

Lemma 4.26. The torus T C BIq{C'^) meets the Lagrangian disk A which is the symplectic cut 
o/M>o X {\w\ = e} cleanly in a circle. The Floer cohomology HF{T'^,A) = H*(S^). 

Proof. The disk A fibres over the horizontal arc emanating from the vertex on the y-axis in the 
moment image of Figure|3l The disk and the torus meet cleanly along the circle where z = s £ M+. 
We claim the Morse-Bott-Floer differential vanishes: it is enough to see that HF{T^,A) ^ 
0. To prove this, we introduce a Lefschetz fibration viewpoint on these constructions. The 
trivial fibration — > C which is projection to the z-co-ordinate induces a Lefschetz fibration on 
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BIq{C'^) with a unique critical fibre, which contains the exceptional sphere. The vanishing cycle 
is homotopically trivial, and the monodromy is Hamiltonian isotopic to the identity. There is a 
unique radius of circle centred at the origin in the base, determined by the size c of the blow-up 
parameter, for which the Lagrangian torus which is swept out by the vanishing cycle in each 
fibre (defined relative to parallel transport along a radial arc) is actually monotone, and this is 
our torus T. The disk A of Lemma 14.261 is the unique Lefschetz thimble, and the no n- vanishing 
of HF{T, A) is an instance of the general fact that a basis of vanishing thimbles generates a 
category containing all weakly unobstructed compact Lagrangians. This is a theorem of j92j in 
the case of exact Lefschetz fibrations; Proposition 15.81 explains why the argument applies in the 
current setting. □ 

From Lemma [4.261 one sees that HF{e^, A) = K. In the Fukaya category V of the Lefschetz 
fibration, the individual summands are isomorphic up to shifts to the disk A. We record one 
elementary point from this reformulation. Suppose one has an A2-chain of Lagrangian S'^'s, i.e. 
two zero-spheres Vq and Vi sharing a point, say Vq = {(—1,0), (0,0)} and Vi = {(0,0), (1,0)} C 
C^. We fix real arcs A^ C C x {0} bounding the Vi and meeting at the origin, with respect 
to which we obtain spun Lagrangian 2-sphcres Vi C BI3 points (C^), and we consider the Floer 
product 



The relevant Lagrangians fibre, in the Lefschetz fibration described above - locally restricting to 
a subspace BIq{C'^) of the 3-point blow-up - over a circle centred at the origin and the positive 
and negative real half-lines; the Vi are here viewed as compactifications of Lagrangian disks 
fibring over these half-lines. In this local picture, the triangle product must be non-vanishing, 
just because the Lagrangian disks are actually isomorphic in the Fukaya category of the Lefschetz 
fibration, both being the unique Lefschetz thimble. On the other hand, by the maximum principle 
all the holomorphic triangles are local, hence this non- vanishing actually applies to Equation l4.9l 

4.5. Idempotents and blow-ups. Let {X,uj) be a projective variety, {Ht}t^pi a Lefschetz 
pencil of hypersurface sections with smooth base locus B = Hq D Hi C X. For simplicity, 
we suppose tti{B) = 0. We also fix an additional "reference" hyperplane section Href linearly 
equivalent to the Hi but not in the pencil defining B, so there is an associated net of hyperplanes 
{Hq, Hi, Href)- Wc dcnotc by & : y —> X the blow-up Y = BIb{X) along the base locus, and 
by E' C y the exceptional divisor; note that E' = _B x canonically, since the normal bundle 
i'B/x — ® for the line bundle C = v^^jx- We assume: 

• X,B and Y are all monotone (Fano); ci{X) = (d + 2)H with d > 2; 

• ci{C\b) is proportional to ci{B); B has even minimal Chern number > 2; (4.10) 

• B contains a Lagrangian sphere. 

The first assumption determines the size A of the blow-up parameter, i.e. the area of the ruling 
curve C E. We actually strengthen the first assumption, and demand that 



note that this implies there are Kahler forms on Y which give the ruling curves ¥^ C E twice the 
area they have for the monotone form. Recall our notation (•,a;)~ for the symplcctic manifold 
(•, -w). As in (j4.7[) . we consider the two correspondences 




(4.9) 



• ci{Y) — PD[_E] = b*ci{X) — 2PD[i?] is ample, so contains Kahler forms; 



(4.11) 



Ffl = B X Slg C B- X {Bx pi) 



where C P"^ denotes the equator and 



Te = C/.e C E- xY 
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where ve E is the normal bundle to i? in y and U^j^ denotes a circle sub-bundle. The 
correspondences are equipped with bounding Spin structures. As in Lemma 14.211 by choosing 
the radius of this subbundle and the symplcctic forms appropriately: 

Lemma 4.27. Under hypothesis ^.11^ , the correspondences Te and can be chosen to be 
embedded monotone Lagrangian submanifolds, with embedded monotone composition T = o 
TeCB- X Y. 

Proof. Let H C Z he a codimension 2 symplectic submanifold of a symplectic manifold {Z,ujz), 
with the symplectic form ujh = (sjJz)\h- Equip the normal bundle v ^ H with a Hermitian 
metric. The symplcctic form on a neighbourhood of the zero-section in the total space of v is 

^ TT*UJH + ^ir^a) (4.12) 

where r is the radial co-ordinate and a is a connection form for the bundle satisfying da — — 7r*r, 
with T a curvature 2-form on H with [r] = [ci(j^)] as obtained from Chern-Weil theory. Note 
that the form Q^, is a standard area form on the fibres of the disk bundle. The symplectic form 
induced on the reduced space Hred of the co-isotropic submanifold which is the boundary of the 
radius r disk bundle in i/ differs from ujh by subtracting r^r/2. In particular, when it is possible 
to take r = \/2, the reduced form lies in the cohomology class [ujh — ci(i')], compare to Lemma 

Em 

The symplectic normal bundle to B x = E C Y is the tensor product tt^C (E) 7rpiC'(— 1), 
with first Chern class (ci(£), — 1) S H^{B) © 7J^(P^). We fix a tensor product Hermitian metric 
and connexion, taking r to be a product 2-form. The ruling ¥^ C E has area 1 for a monotone 
Kahler form u!„ion on Y which is cohomologous to the first Chern class. By hypothesis, we have 
Kahler forms w on y for which the area of is > 2. After normalising the Kahler form near i?, 
one can blow down to obtain a symplectic form on X which contains a radius \/2 + S disk bundle 
around the base locus B; compare to [BSl Lemma 7.11] or [33J Theorem 2.3]. If we now blow 
up again by amount 1, the exceptional divisor E C (Y,LOmon) naturally lies inside a standard 
symplectic disk bundle whose fibres have area 1 + 6. This is sufficiently large to contain an 
embedded circle bundle t/^^, in which the circles bound fibre disks of area 1. (Blowing down and 
up in this way effects a symplectic inflation. Indeed, when Gompf puts symplectic structures 
on Lefschetz pencils in general dimension, he precisely patches in a large symplectic disk bundle 
over the base locus [43l p. 279, and his embedding ip onto a disk bundle of radius R].) 

From (|4.12[) . the reduced space of the co-isotropic t/j^^ has symplectic form {ujy)\e — t in 
cohomology class 

[ojY]\E-[ici{C),-l)]. (4.13) 

We can view F C X x as a divisor in class (ci(£), 1). It follows that the monotone form uiy 
lies in cohomology class (ci(X)-ci(£), 1) e image {H'^{X) ® ij2(pi) ^ H'^{Y)) (the latter map 
being an isomorphism by the Lefschetz theorem in our examples). Combining this with (|4.13p 
and noting that ci{B) = ci{X)\b — 2ci(£), by adjunction, shows that the reduced symplectic 
form on X P^ coming from the co-isotropic U^j^ is monotone. 

We have arranged that the coisotropie defining the Lagrangian correspondence F e lives inside 
the blow-up BIb{vb /x) ~ 2^o^o(-i)(-E') of a large disk normal bundle to B iwX. By construction, 
all Maslov index 2 disks in this open subset have the same area, compare to Lemma 14.191 Since 
Hi{B) = 0, these local disks together with rational curves in the total space span H2{E x Y, F^;), 
hence are sufficient to detect monotonicity. It follows that Fg is monotone. The corresponding 
statement for T r is trivial, taking the monotone forms on B and _B x P^ ; and monotonicity is then 
inherited by the Lagrangian composition (note this is well-defined since the symplectic forms on 
_B X P^ arising as the output of F_r and the input of F^ do co-incide). □ 
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Remark 4.28. We emphasise that there arc two different syniplectic forms on _B x in play; 
first, the non-monotone form arising by restricting a monotone form on Y to E G Y; second, 
the monotone form arising from co-isotropic reduction of the boundary of a suitable disk bundle 
C Y. Wc only use the Fukaya category of the monotone form; as a mild abuse of notation, we 
will continue to write E for the space B xW^ even though it is not equipped with the symplectic 
form it inherits from the embedding in the ambient space Y. 

Remark 4.29. For the case of interest in this paper, namely (2, 2)-intersections in P^f+i with 
g > 2, the ampleness hypothesis (|4.1ip holds by Lemma [4.41 When g = I, this conditions fails; 
the class ci(P^) — 2PD[i?] lies on the boundary of the Kahler cone of the blow-up of P"^ along a 
complete intersection elliptic curve. In that case, there is no monotone correspondence, which 
fits with the fact that the elliptic curve has no balanced Fukaya category and 3^(Si) is naturally 
defined over Ac- 

Remark 4.30. There is another viewpoint on the composite correspondence F = F/j o F^; which 
is often useful. Again starting from a Kahler form on Y which is standard in a large disk bundle 
over E, we perform a symplectic cut |61| along the boundary of a sub-disk bundle. Algebro- 
geometrically, symplectic cutting is effected by deformation to the normal cone |40| Chapter 
5]. We obtain a space with two components meeting along a divisor. One component is a Fi- 
bundle over B, given by projective completion of the normal bundle to E, and the other Y' is 
holomorphically isomorphic to Y, but equipped with a different Kahler form (of smaller volume). 
The hypothesis (|4.1ip implies that one can perform the cut so as to obtain a Kahler form which 
is monotone on the total space of the Fi-bundle. The associated monotone P^ -bundle over B is 
the completion P(£ ® £ ® O) of its normal bundle. Being the projectivisation of a direct sum 
of line bundles, the structure group reduces to a maximal torus < PGL3{C), which implies 
that there is a (cohomologous) linear Kahler form on the P^-bundle for which parallel transport 
preserves the fibrewise Lagrangian torus which is the monotone torus in P^. Globally, this gives 
rise to a Lagrangian submanifold 

Tcut^T^^B C F{C^^®0)xB (4.14) 

which is a monotone 2-torus bundle over the diagonal As . If one now blows back up and moreover 
smooths the normal crossing locus of the symplectic cut, in each case deforming the symplectic 
form in a region disjoint from Tcut, one obtains a Lagrangian correspondence Tcut CI B x Y , 
which is exactly F. 

As remarked above, F = T^xS is a 2-torus bundle, which in general is differentiably non- 
trivial. However, given any simply-connected Lagrangian L d B, the restriction of the correspon- 
dence to L is trivial (because the symplectic line bundle £ — > L is flat and hence trivial), and the 
geometric composition of L with the correspondence is a Lagrangian submanifold diffeomorphic 
to a product L xT^ cY. 

The quilted Floor theory of Man, Wehrheim and Woodward, Theorem 13.101 of Section 13. 4[ 
associates to a monotone Lagrangian submanifold F C M~ x N a Z2-graded ^oo-functor <I>r : 
3^{M) — 7> (TV), where ?*(•) is the ^oo-category of generalised Lagrangian correspondences. 
Theorem 13. 141 implies that the functors ° and $FhoFe arc quasi-isomorphic. 

Lemma 4.31. The functor ^rnoTs quasi-isomorphic to a functor with image in the fully 
faithfully embedded Aoo-suhcategory If(l^) C ^^{Y). 

Sketch. Write T ~ TroVe C B^ x Y . For every object L € ^[B) the image of L under F 
is a smooth Lagrangian submanifold L in y. Quilt theory, via Theorem 13.141 again provides a 
quasi- isomorphism of functors S^ipt) — J""* (Y) with images L and $r {L) ; the quasi-isomorphism 
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of functors implies that the target objects 

L {pt^ B ^Y} = $r(i) 

are quasi-isomorphic objects of and in particular HF{L,^t{L)) = HF{L,L). More 

explicitly, the Fleer chain group 

CF{L,{ptA B ^Y}) = CF{L xT-,Ax L) 

where the RHS is computed in F x Y~ x B. These Lagrangian submanifolds meet cleanly, 
and projection to the first factor identifies the clean intersection locus with L. A chain-level 
representative e € CF{L xr^,A x L) — C*{L) for the identity 1 G HF{L,L) provides the 
desired quasi-isomorphism. Similarly, 

CF{pt Hb^Y, pt^B^Y) 

is given by chains on the intersection locus (F x F~) n {L^ x Ay x Li) C B^ x y x Y~ x B, and 
this clean intersection is exactly LqC] Li = LqCiLi. Projection to the central two factors Y x Y~ 
again identifies the Floer chain group with CF^Lq, Li). The subcategories of generated 
by the i-images and the corresponding generalised Lagrangian branes are quasi-equivalent, and 
the former lies inside 3^{Y). □ 

We will henceforth replace $r by such a quasi-isomorphic functor to 3^{Y), without however 
changing our notation. We would like this composite correspondence F to behave like a sheaf of 
Clifford algebras over B. One can filter the Floer complex for T^xB by projecting generators 
down to critical points of a Morse function on B and filtering by Morse degree. This yields a 
spectral sequence of rings 

El'* ^ H*{B;HF{T'^,T'^))'^ H*{B)®Cl2 => HF{T^xB,T^xB) 

In the simplest case, the spectral sequence degenerates, the non-trivial idempotents in the Clif- 
ford algebra survive to Eoo, and they split the total correspondence, as in Remark l4.24l This was 
trivially the situation in the example considered in Lemma I4.19[ where B = {pt}. In general, 
the picture is less clear: even additively the Floer cohomology of the composite correspondence 
is more complicated, coming from the non-triviality of the normal bundle C of the original hy- 
perplanes Hi d X . However, this complication becomes irrelevant on the appropriate summand 
of the Fukaya category of the base locus. 

Lemma 4.32. Suppose L G 3^{B; 0), and let Tl denote its image under the correspondence F = 
Li?, o F^;. Either HF{Tl,Tl) = for all L G 3^{B; 0), or there is an isomorphism iJi^(Fi, F^) = 
HF{L,L)®Cl2 ofQH*{B;0)-modules. 

Proof. We work with the monotone symplectic forms provided by Lemma 14.271 The Floer coho- 
mology of L x C B~ X can be computed using the Kiinneth theorem, since all holomorphic 
curves split in the obvious product description, as does their deformation theory. One therefore 
gets 

HFiL X Sl^, L X Sl^) - HF{L, L) ® HF{Sl^, Sl^). 

By the Kiinneth theorem in quantum cohomology, QH*{E) = QH*{B) (g) QH*{P^). We next 
apply the quantum Gysin sequence, in the form of Theorem l3.31 or rather its Lagrangian analogue. 
This says that -H"F(Fl, F^) is the cone on quantum cup-product on HF{L x 5^^, L x Sl^) by the 
corrected Euler class e -|- cr • 1 , where cr € IK counts Maslov index 2 disks through a global angular 
chain for L^y^- our case, writing t G QH^iV^) for the fundamental class, 

e = /i(g)l-M(g) {-t) 
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where h ~ ci{C\b) S H'^{B) is the restriction of ci{vu/x)- R-ccaU that our initial assumptions 
imply this is proportional to ci{B). We should therefore compute quantum product by 

h®l + {l^{a-l~t)): HF{L, L) ® HF{Slg, Sl^) ^ HF{L, L) ® HF{Slg, Sl^). 

Now for L in the nilpotent summand 'J{B] 0), /i i— > G HF{L, L) by Lemma l3.ll and the above 
therefore simplifies to the map 

X ® y X ® (crl — t)y 

which has cone HF{L, L) Cone{al — t). If tr 7^ 1 then the map is id® (invertible) and hence 
HF{Tl,Tl) = 0, so is quasi-isomorphic to zero for every L. If cr = 1 this map vanishes and 
then 7?F(rL, Fi) = HF{L, L) ® Cl2- Since the quantum Gysin sequence is an exact sequence of 
(5i7*-modules, the statement on the module structure follows. □ 

The force of Lemma 14. 32l is that to obtain a conclusion for an arbitrary L £ 3^{B; 0), it suffices 
to find a single such L for which HF{Tl, Tl) ^ 0. We now aim to prove this non- vanishing when 
1/ is a Lagrangian sphere as provided by hypothesis (|4.10|) . Let U C — ?> B denote an open 
neighbourhood of B C X, symplectomorphic to a sub-disk bundle of the normal bundle. Write 
^taut for a symplectic disk bundle neighbourhood of E G Y inside its normal bundle, which is 
just the tautological bundle over E = F{C®'^). Since 7r2(B x y,F) = 7r2(S x BIb{U),T), all 
possible homotopy classes of holomorphic disk with boundary on F arc visible in i? x BIb{U). 

Lemma 4.33. If for some Lagrangian sphere L d B all holomorphic disks of Maslov index 2 
with boundary onV^ lie inside a disk bundle Ctaut ^ E, then F^ 9^ 0. 

Proof. We continue to write F = F^ o F^;. There is a canonical projection 

p: B X BIb{U) — > B X B (4.15) 

under which F 1— > Ag. Any Lagrangian sphere L <Z B necessarily lies in 3^(_B;0) since B has 
minimal Chern number > 2. Disks with non-constant image in B x _B under the map of Equation 
14.151 have Maslov number at least 4. Therefore the only Maslov index 2 disks with boundary on 
Te{Lx lie in homotopy classes which project trivially to BxB, and thus lie in i?Zo(C^)-fibres 
of the projection p, with boundary on T^-fibres of F = x B. All such disks are therefore visible 
in the model of Lemma 14.191 and in that case we know a = 1 since we know a priori that the 
Floer cohomology of the torus T was non- vanishing. (In the model one can check explicitly that 
only one of the three holomorphic disks through the generic point of T has boundary passing 
through a global angular chain for the unit circle fibration of 0(— 1) — > P^.) □ 

Since Y = BIb{X) is the blow-up of a base locus of a pencil of hyperplanes {i?*}, it has 
a natural fibration structure tt : F P^, with fibre homologous to tt*H — E. We choose a 
holomorphic volume form on Y which has poles along the reducible divisor 

Dn = E + [tt-\0)] + [Tr-\oo)] + dHref (4.16) 

where we recall ci{X) = {d + 2)H. For suitable choices of fibres Hq = 7r^^(0) and Hoo = 7r^^(oo) 
we have L x C Y\Di2- Remark 14.201 implies that L xT^ can be graded with respect to VI. 

Lemma 4.34. Suppose dinic(-B) > 1. Then Maslov index 2 disks with boundary on LxT^ meet 
exactly one of E, Hq and Hao once, and are disjoint from Href - In particular, no such Maslov 
index 2 disk can project onto P^ under tt. 

Proof. Since dimc{B) > 1, the Lagrangian sphere L is simply connected, which implies that 
H2{B) — >■ H2{B, L) is surjective. One can therefore assume that the Maslov index for holomorphic 
disks in B with boundary on L is given by intersection number with dH^ef H B. The choice of 
holomorphic volume form then implies that Maslov index of disks with boundary on L x is 
given by their intersection number with D^. The result follows. □ 
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Example 4.35. (Auroux) The hypothesis on dini(i?) plays a definite role. Take a pencil of linear 
hyperplanes in P'^ with base locus and blow that up. This may be done torically, and we 
obtain a toric variety whose moment map is a truncated tetrahedron. The Lagrangian L x is 
just the monotone torus T'^ which is the central fibre of that moment map, and it bounds one 
family of Maslov index 2 disks for each facet of the moment polytopc, in particular it bounds 5 
families, not all of which miss the reference hypcrplane Hj-ef if this is taken to be one face of the 
tetrahedron. 

This is because the original Lagrangian L C B is an equatorial 5"^ C P^ , in particular it bounds 
Maslov index 2 disks. The natural map H2{B) H2{B,L) is not surjective; although the first 
Chern class "contains" Href with multiplicity d = 2, the actual toric divisor which naturally 
represents it does not contain Href with multiplicity 2, but rather Href and another homologous 
component. 

Away from B D Href, the original net of hyperplanes on X defines a map to P^. Blowing up 
along B. one obtains a map ((> from Y\{E n Href) to the first Hirzebruch surface Fi. Then 

(1) the projection map tt is the composite Y\{E n Href) ^> P^, with the second map 
the natural projection; 

(2) the proper transforms of Hq and H^o lie over the fibres of Fi over 0, oo £ P^; 

(3) the divisors E and Href (minus their common intersection) live over the —1 respectively 
+ 1 section of Fi. 

This is pictured schematically in Figure El via the usual moment map image for Fi . The fibre 
over the centre of gravity • is a monotone Lagrangian torus T C Fi. 



E 




Href 



Figure 5. The moment polytopc for Fi and associated divisors 



Lemma 4.36. Assuming that dimc(-B) > 1 and that the hypotheses i4.10\ \4-ll^ hold, then 
Tl ^ for a Lagrangian sphere L <Z B. 

Proof. The proof uses a degeneration argument modelled on deformation to the normal cone; 
compare to Section 5]. We symplectically blow up F x C along E x {0}; the resulting space 
W has an obvious projection p to C, which we take to be holomorphic. The zero-fibre has two 
components, one of which Cq is diffeomorphic to E but with a Kahler form of smaller volume 
(shifted in cohomology class by a real multiple of the divisor E), and the other of which Ci is 
the projective completion of the normal bundle to E, hence is the total space of an Fi-bundle 
over B. We can arrange that: 
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(1) The total space W of the blow-up carries a Kahler form which on the component Ci 
co-incides with the form obtained by symplcctic reduction of the co-isotropic C/^^ C Y 
appearing in Lemma 14.271 In particular, Ci contains the monotone Lagrangian sub- 
manifold Kl = L X which is the Clifford torus bundle over L C B, as in Remark 
EM 

(2) The total space {W, ft) of the blow-up contains a Lagrangian submanifold L diffeomorphic 
to i X X [0, oo), fibring over the positive real half-line in C, with p^^(O) n L = K^. 

(3) The generic fibre of tt is a Kahler manifold symplectomorphic to Y with its monotone 
form, and the Lagrangian submanifold L H TT^^{t) is Hamiltonian isotopic to Te{L). 

The proof relies on a picking a suitable symplectic connexion on the regular part of the fibration 
near the component Ci and parallel transporting Kl along the real axis, compare to an identical 
construction in the case B = {pt} given in fTOl Section 4]. The last statement in (3) follows from 
the reformulation of F^; given in Remark 14.301 

We now consider a sequence {uk : W) of holomorphic disks in W with boundary on 

the total Lagrangian L. Assume moreover that for each fc, the disk Uk has image inside the fibre 
p~^{tk) for some sequence ifc — >■ of positive real numbers. Gromov compactness in the total 
space {W, L) implies that there is some limit stable disk 

^oo; but since the projections p o Uf are 
constant maps, that limit disk must lie entirely in the zero fibre of p. The general description of 
a Gromov-Floer limit of disks as a tree of holomorphic disks and sphere bubbles, see for instance 
j35j , implies that Uoo has at least one disk component inside Ci , with boundary on Kl , and that 
any component of Uqo meeting Co\(Co n Ci) must be a rational curve, since L n Co = 0. 

We now suppose that all the disks Uk have Maslov index 2. Any non-constant disk in Ci with 
boundary on Kl has Maslov index > 2, by monotonicity. Moreover, any non-trivial holomorphic 
sphere in Co has strictly positive Chern number, since that space is a Fano variety. It follows 
that the limit disk Uoo has no component contained in Cq, and indeed no component which 
intersects the divisor Co fl Ci (such a component would be glued to a non-constant sphere in 
the component Co or it would not be locally smoothable to the nearby fibre; compare to the 
degeneration formula for Gromov- Witten invariants [H]). Therefore, for sufficiently large k, the 
holomorphic disk must live inside the open neighbourhood of C 7r^^(<fe) bound by U,^^. 
The result now follows from Lemma [4.331 □ 

Remark 4.37. Another viewpoint on the previous proof is also informative. The fibration over 
Fi has a (generally singular) discriminant curve, whose amoeba projects to some complicated 
subset of the moment map image. However, this image is disjoint from the — 1-section, because 
we originally chose H^ef transverse to B (i.e. a net of hypersurfaces with smooth base locus). 
A holomorphic rescaling of Fi (the lift of the holomorphic action on taking [x : y : z] i-^ [x : 
y : cz] where we obtain Fi from blowing up [0:0: 1]) will move the discriminant into a small 
neigbourhood of Href- On the other hand, the symplectic structure on Y was constructed, via 
inflation, to contain a large standard symplectic disk bundle, containing the monotone Lagrangian 
L X T^, cf. the proof of Lemma [4. 2 71 In consequence, we may assume that the monotone L xT^ 
projects into the upper half of Figure [SJ whilst the discriminant lies in the lower half. 

The effect of deformation to the normal cone is to make the Kahler form standard in a 
neighbourhood of E containing L x T^. Suppose we start with a net of sections obtained by 
perturbation from a net on the normal crossing degeneration which are degree 1 in the P^-fibres 
of P(£®^ © O) (we have essentially linearised, replacing sq and si by Dsq,Dsi which span the 
normal bundle oi B C X). As in Remark 14.301 one can then suppose - after smoothing and 
small compactly supported perturbation of the symplectic form near the normal crossing divisor 
- that L X fibres over T. There is now a Lagrangian isotopy of L x T^, moving the image 
point in the moment polytope towards the facet E at the top of Figure [H Since this is not a 
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Hamiltonian isotopy, and the Lagrangian docs not stay monotone, there may a priori be wall- 
crossing. However, Maslov index zero disks project holomorphically to Fi, where Maslov index is 
given by intersection number with the toric boundary. The projection of any such wall-crossing 
disk must therefore be constant, so it in fact lay inside a fibre of the projection (f>. Equivalently, 
the disk would lie inside a copy of B. The Lagrangian isotopy viewed inside B is monotone, since 
TTi(L) ~ 0, so in fact there is no wall-crossing. We move LxT^ into a small neighbourhood of E 
without changing the families of Maslov 2 disks which it bounds. These can now be understood 
by projection to Fi; each disk hits one of E, Hq, Hoo, and there are 3 well-known families of such 
disks, which were those visible in Lemma 14.331 

Lemma [131 now says that HF{rL,TL) ^ HF{L,L) «) C'h as a module over QH*{B;0). 
Although the ring structure on the second tensor factor is not a priori determined by the quantum 
Gysin sequence, for degree reasons the Floer product amongst the codinicnsion 1 cycles given by 
the circle factors L x {pt} x and L x x {pt} is completely determined by disks of Maslov 
index 2. The constraints on the Maslov 2 disks obtained in the proof of Lemma[436]arc sufHcient 
to imply that 

HFiTL^TL) = HF{L,L)®Cl2 

as a ring. This is true for all Lagrangian spheres L G 3^(5; 0), hence for any such L the image 
Tl has a non-trivial idempotent. We can analyse the Floer cohomology iJF(r,r) of the entire 
correspondence F C i? x F via an analogous Gysin sequence, using the fact that F is the image 
of a Lagrangian submanifold x Sl^ C B x E under a correspondence B x E B x Y (the 
appropriate symplectic forms come from Remark l4.28p . Taking the 0-generalised eigenspace for 
the action of Ci(i3), we again arrive at the mapping cone of a quantum product 

* (e + a • 1) : QH*{B- 0) ® HF{Sl^, Sl^) QH*{B- 0) ® HF{Sl^,Sl^) (4.17) 

with e = /i®l + l® (— t) as before. Now h acts nilpotently, rather than trivially, on QH*{B; 0). 
Lemma |4.32[ and non-triviality of F^ for some L, shows that ct = 1 in (|4.17p . which means 
that the second term I ® {a ■ 1 — t) acts trivially on HF{Slg, Sl^), so i7F(F,F;0B) inherits a 
Clifford algebra factor. The idempotents for the individual Tl derived above have as common 
source an idempotent for F arising from splitting this Clifford algebra. We deduce that the 
functor $r associated to F by quilt theory has non-trivial idempotents, if one views its domain 
as the nilpotent summand J'{B;0). We now appeal to Lemma [4. 171 to see that there is a functor 
$P : Tw3^{B;0) — >■ Tw'^ 3^{Y) associated to either choice of idempotent in the Clifford algebra 
factor (strictly, associated to a choice of idempotent up to homotopy for the chosen cohomological 
idempotent). 

Lemma 4.38. The functor $p is fully faithful. 

Proof. Let Li, i — 1,2, be objects ol3^{B; 0). For simplicity we suppose they are simply-connected 
(this is the only case which shall be used in the sequel). The functor $p takes these to idempotent 
summands of i,; x T^, which we formally denote by {Li x T^)+. According to Equation 14.51 we 
know 

HF{{L, X T^)+, {Lj X T^)+) ^ {+,)HF{L, x T\L, x T^){+j) 

where the RHS denotes the action on the cohomological morphism group of the relevant idem- 
potents under the module structure of that group for HF{Li x T^,Li x T^) on the left and 
HF{Lj X T^, Lj X T^) on the right. From the proof of Lemma [4.321 the idempotents both come 
from a fixed idempotent p € HF{T'^,T'^), via an isomorphism 

HF{{L^xT^)+,{Lj xT^)+) ^ HF{L„ Lj ) ® p ■ HF{T^ ,T^) ■ p. 

The second tensor factor is just a copy of the coefficient field IK, completing the proof. □ 
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Proposition 4.39. Assuming EZZF '^^'^ ^^'^^ dinic(i?) > 1, there is a fully faithful em- 

bedding D''3'{B;0) ^ 

This is exactly the content of Lemmas 14.311 and 14.381 Now take B ^ QqCiQi C P^f+i for some 
g > 1, so the space F — )• is the relative quadric. Lemma shows that the crucial hypothesis 
(|4.1ip holds, and Proposition 14.391 yields one of the embeddings of Theorem ll.il 

4.6. Spinning. There is a more geometric approach to the material of Section 14.51 relevant 
for proving Addendum 11.21 Let — > _ff be a real rank 2 symplectic vector bundle over a 
symplectic manifold {H,ujh), and equip u with a Hermitian metric. Suppose the first Chern 
class ci{v) = t\ujH\ £ H^{H) is positively proportional to the symplectic form. The symplectic 
form on the total space of the disk bundle of v of radius < l/\/t is 

where r is the radial co-ordinate and a is a connection form for the bundle satisfying da = 
—t'K*0JH- Fibrewise, this is the standard area form on R^. If A C i? is a Lagrangian cycle and 
A is the lift of A to given by taking the union over A of circles {r = constant} , then A is also 
Lagrangian, since 

^ {tt*ujh + r.dr.da + ^r^da)\^ = 7r*(l - tr^/2)ujH 

is pulled back from the base. Now suppose we have a pencil of hyperplane sections {i?t}tgpi of 
a projective variety P with base locus Hq D i?oo = M C P. Strengthening hypothesis (j4.10p . we 
suppose the elements of the pencil arc ample hypersurfaccs Poincarc dual to a multiple of the 
symplectic form, which is the condition ci(i^) — t[ujH] above. The blow-up Bl^P is obtained by 
removing a symplectic tubular neighbourhood of M, with boundary an S''^-bundle over M, and 
then projcctivising the fibres of that unit normal bundle via the Hopf map — ?■ S*^. Suppose 
we have a symplectic form fix on Bl]\j{P) for which the ruling curves have area A > 0. 

Lemma 4.40. Let S" ^ L CZ M be a Lagrangian sphere. Fix a Lagrangian disk A"+^ C H with 
9 A — L in a smooth element H d P of the pencil, and with An M — L. There is a Lagrangian 
sphere S"^"^ = L (Z {Blj\j{P),Q\). The Hamiltonian isotopy class of L is determined by the 
Lagrangian isotopy class of A. 

Proof. Locally near H, the symplectic manifold P is symplectomorphic to the normal bundle 
V ^ H . Fix a compatible metric on this normal bundle. Form a Lagrangian tube in P from the 
radius A circles over A. After an isotopy of A if necessary, this Lagrangian tube will meet the 
boundary of the A-disk bundle over M in a subfibration which is a circle bundle over L composed 
entirely of Hopf circles in S''^-fibres of the normal bundle. Blowing up (i.e. symplectic cutting) 
will collapse these circles to points. Differcntiably, the lift of the tube over A is therefore a circle 
bundle over an [n + l)-disk with the circles collapsed over the boundary; this is topologically a 
sphere, and near any collapsed circle it is locally modelled on Example 14.251 hence is globally 
smooth. It is easy to see that the choices, for fixed A, lead to Lagrangian isotopic lifts to the 
total space, which are therefore Hamiltonian isotopic. □ 

Definition 4.41. In the situation of Lemma \4.40[ we will say that L is obtained from L <Z M 
by spinning the thimble A. 

In general, for such an S"' L d M , we now have two constructions of spherical objects in 
Tw^ BIm{P): namely L and the image $p(L). At least in the special case in which 'J{M) is 
split-generated by a chain of Lagrangian spheres, we are able to relate these two objects. To make 
sense of the next result, note that a symplectomorphism (/) : Af — > M which is the monodromy 
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of a family of embeddings {Mt}tes^ ^ P induces a symplectomorphism cj) : BIm{P) BIm{P), 
wcU-dcfincd up to isotopy, by taking parallel transport in a fibrewise blow-up. We again refer to 
(j) as the spin of 0. 

Lemma 4.42. In the situation of Lemma \4-40[ {Vi,...,V5i} be Lagrangian spheres in M 
which are vanishing cycles for the pencil {Ht\ on P. There are spinnings {Vj} C {Bl]\i(P),flx) 
with the property that Vi H Vj ~ Vi (1 Vj for all i =/= j . Moreover, for any choice of vanishing 
thimble A for Vj , the Dehn twist Ty, on M spins to the Dehn twist Ty in Vj C BIm (P) ■ 

Proof. We choose the bounding thimbles with dAj = Vj to lie in one fixed smooth element 
H of the pencil of hypersurfaces on P, and to meet only at their boundaries (this is always 
possible by the definition of a Lefschetz pencil) . The associated Lagrangian tubes meet only in 
the circle fibrations which are collapsed by the blowing-up process, which gives the co-incidence 
of intersections Vi OVj = Vi DVj. The last statement follows by considering parallel transport 
around the loop which encircles the path in C over which a chosen Lefschetz thimble fibres. □ 

We now return to the specific situation of Section |4?2] Take 7 C Sg to be a simple closed curve 
associated to a matching path of S — > P^, so 7 is invariant under the hyperelliptic involution 
on Sg. From Wall's Lemma [4.121 there is a vanishing cycle C Qo D Qi associated to the 
degeneration of S which collapses 7. Thus, is a vanishing cycle for the family of (2,2)- 
intersections defined by a hyperelliptic Lefschetz fibration over the disk with fibre E and vanishing 
cycle 7. We know from Section |L2] that arises as a vanishing cycle for a Lefschetz pencil on 
the quadric 2g-io\d Q C P-^f+i. therefore bounds a Lagrangian disk A^ C Q, and by fixing 
a choice of such a Lagrangian disk one can spin the sphere to obtain a Lagrangian sphere 

C as in Definition 14.411 Write 7 C 3^{Z) for the subcategory generated by spun spheres 
V-y, for hyperelliptic-invariant curves 7 C S. 

According to Section [STl the Fukaya category of the curve S, and hence the subcategory T, 
is split-generated by an ^23-1-1 -chain of Lagrangian spheres (when g = 2 these arc the spheres 
associated to the curves Cji 1 ^ J ^ 5, of Figure [2]). Lemma [2.41 shows that the associated Vy- 
spheres also define an j42g+i-chain in (32,2, which moreover split-generate the nilpotent summand 
of its Fukaya category. Label the spheres of this chain by Vj^, . . . , ^^29+1, *nd their spinnings 
by V-y^. RecaU the functor $+ : -D''J((3o n Qi;0) -J> D'"J(Z) of Proposition KM takes any 
simply-connected Lagrangian submanifold L to an idempotent summand oi L x C Z. 

Lemma 4.43. The cup-product map 

HF{V,^ , V^^^, ) ® HF{V,^ X T', V,^ ) HF{V,^ x T^ V,^^, ) (4.18) 

does not vanish. 

Proof. Let Qref denote a "reference" quadric hypersurface, taking the role of the abstract Href 
from Section [431 and extending the given pencil {Qo,Qi) of quadrics to a net. The Lefschetz 
thimbles A^. C Q lie in the fixed hypersurface Q from the original pencil, and we may assume they 
lie in the complement of QOQref- Moreover, the base locus B C Q meets Qref in a hypersurface 
Poincare dual to its normal bundle, hence the complement B\{B n Qref) C Q\{Q n Qref) has 
trivial normal bundle. The Lagrangian submanifolds appearing in Equation 14.181 are, locally 
near the intersection circle of Vy^ x and V^j+i, products of two Lagrangian disks in B\{B n 
Qref) meeting transversely once at a point po^ with the Lagrangian submanifolds occuring in 
Equation 14.91 The discussion there shows the map of Eauation l4. 181 does not vanish provided all 
holomorphie triangles remain in an open neighbourhood of {po} x C {B\{BnQref)) x -BZo(C^) 
in which this product description holds valid. 
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The argument is now a variant of that of Lemma 14.361 Fix a volume form flperp on BIq{C'^) 
with simple poles along the transform of a co-ordinate axis in . We fix a holomorphic volume 
form fi' on Z with the properties 

• the polar divisor Dq' = [7r~^(oo)] + (/[Qre/] — Ci{Z); 

• locally near the affine open set B\{B D Qref), = ^base A ^perp- 

Using ribase we grade the Lagrangian spheres V^. in B\{B D Qref) such that the intersection 
point at po has degree 0. The non-trivial Floer gradings amongst the Lagrangians of Equation 
14.181 come from fibre directions, and the model of Equation 14.91 Here all Floer gradings are 
concentrated in degrees {0,1}, since in that Lefschetz fibration over C the Lagrangians were 
given by two isomorphic Lefschetz thimbles and a torus meeting each thimble cleanly in a circle. 
It follows that all contributing holomorphic triangles have Maslov index 0; by Lemma [3. 151 they 
are disjoint from Dqi (cf. the corresponding argument in Lemma 14.341 noting that dimc(S) > 1 
in our case). 

Disjointness from Do' means that all relevant holomorphic triangles live over the complement 
of the boundary divisors Qref and Qoo, denoted Href and Hoo in Figure [S] As in Lemma [4.361 
we perform a symplectic cut at the boundary of a tubular neighbourhood of E large enough to 
contain the Vy and Vy xT^. Via Gromov compactness, we consider the holomorphic triangles in 
the reducible zero-fibre of the total space of the deformation to the normal cone, and observe they 
cannot reach the component which is not the Fi-bundle for Maslov index reasons (all spheres in 
the other component have positive Chern number). Indeed, disjointness from Qref implies that 
all the Maslov zero holomorphic triangles are localised in the complement inside the Fi-bundle 
over B of the subvariety defined by Qoo, hence live inside a bundle with fibre Blo{C'^). Maximum 
principle under projection to the affine part B\{Br\Qref) and in the fibres Blo{C'^) shows that all 
the relevant holomorphic triangles are those described in the discussion after Equation 14.91 □ 

Lemma 4.44. ^f{V^) ~ V.^ are quasi- is amorphic objects of mod-'J'. 

Proof. It suffices to show that, for 7 = 7j, there is an element 

qeCF-"{^+{V,),V,) 

for which 

CF{%,%,) ^^^^ CF{^+{V^),V^^) (4.19) 

is an isomorphism for each \ < i < 2g + \. A fibred version of Lemma 14.261 shows that and 
X have non-trivial intersection, meeting cleanly along a copy of x S"^ , which moreover 
can be perturbed by a Morse function to give intersection locus two copies of V^, of differing 
Z2-grading. The choice of idempotent in HF{Vy x T^, x T^) picks out one of these two graded 
pieces, and there is a quasi-isomorphism 

CF{^+{V.,),V^) ~ CF{V.,,V^). 

Take g to be a chain-level representative for the cohomological unit of HF{V^, V^). The chain 
groups appearing in Equation l4. 191 vanish, so the fact that multiplication by q is an isomorphism 
is trivial, unless \i — j\ < 2. Hence there are really two cases to consider: i ~ j and \i — j\ = 1, 
corresponding to taking the same curve twice, respectively adjacent curves, in the A2g+i-chain. 
The two arguments are similar: we give that for \i — j\ = 1. In this case, the two Floer complexes 
in Equation 14.191 have rank one cohomology, so the map is either an isomorphism or vanishes. 
To exclude the latter case, since the idempotent summands in x are quasi-isomorphic up 
to shift, it is enough to show that the map 

HF{V^^ , V^^^, ) ® HF{V^^ X T2, V^^ ) HF{V,^ x V,^^,) (4.20) 

does not vanish. This is the conclusion of Lemma [4.431 □ 
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Corollary 4.45. The triangulated embedding : _D'^5'((5o H Qi) ^ D'^3^{Z) is compatible with 
the natural weak actions of the hyperelliptic pointed mapping class group, in the sense that for 
any element f € ^^^f there is some quasi-equivalence of functors 

Proof. It is sufficient to prove compatibility with the Dehn twist defined by an essential simple 
closed curve 7 C S invariant under the hyperelliptic involution, since such twists generate the 
hyperelliptic mapping class group. We actually restrict to twists in curves projecting to arcs 
in C C P^, hence the group F^^/', so that the relevant hyperelliptic curves live in families over 
configuration spaces of points in C and the description of the associated pencil of quadrics in the 
co-ordinate terms of Equation 14.31 is always valid. The Dehn twist in 7 C E acts by the Dehn 
twist in C Qo n Qi by Section 14.21 and Lemma 14.121 and by the Dehn twist in C Z by 
Lemma 14.421 The relation between algebraic and geometric twists, Proposition 13.61 and more 
specifically Equation 13.61 implies 

Using Lemma r4.44l to identify $+(V^) ~ V^, we see entwines the action of a Dehn twist. This 
implies the Lemma (note we do not claim any compatibility between the quasi-isomorphisms for 
different mapping classes). □ 

5. From the curve to the relative quadric 

Notation. For a space M equipped with a map p : M ^ F^, write M^t for the complement of 
the fibre p^^{t) C M; similarly M^t denotes the complement of the union of the fibres for t E T. 

5.1. Matching Spheres. Let Z continue to denote the blow-up of P^s+i along Qo H Qi. A 
matching cycle is by definition a path x : [— 1, 1] — >■ in the base of a Lefschetz fibration which 
ends at distinct critical values (and is otherwise disjoint from the set of critical values) and for 
which the associated vanishing cycles are Hamiltonian isotopic in the fibre over x(0). Any path 
between critical points for Z ^ is a matching path, by Lemma 14.11 

Lemma 5.1. Any matching path x '■ [^li 1] ^ for Z ^ ¥^ defines a Lagrangian sphere 
L-^ d Z , unique up to Hamiltonian isotopy. 

Proof. The monotone symplectic form on Z is restricted from a global Kahler form on P^f+i x P^. 
We define the sphere to be the vanishing cycle of the nodal algebraic degeneration of Z in 
which two critical values coalesce along x (such a degeneration is easily obtained by moving Z 
in a Lefschetz pencil on P^f+i x P^). □ 

Remark 5.2. If one restricts to Z^t for some i ^ x, there is another description of this sphere. 
By hypothesis the vanishing cycles associated to xl[-i.o] and xl[o,i] are Hamiltonian isotopic in 
the fibre Qo, by a Hamiltonian isotopy Hs. One can deform the symplectic connection of the 
fibration Z^t — )- C so that the parallel transport along xl[-i5.i5] incorporates this isotopy, and 
exactly matches up the boundaries of the two vanishing thimbles, cf. Lemma 8.4 of [9|. It is 
standard that the two constructions give rise to the same Lagrangian sphere up to isotopy. Note 
that the matching cycle construction, requiring a deformation of symplectic connection, a priori 
only yields a Lagrangian sphere for a cohomologically perturbed symplectic form on the total 
space of Z, rather than of Z^f, which is why the definition as a vanishing cycle is preferable. 

A matching sphere L-,^ can be oriented by choosing an orientation of the matching path x 
and of the vanishing cycle in the fibre. (Since Dehn twists act on even-dimensional spheres by 
reversing orientation, the latter choice will not generally be preserved by monodromy.) The 



FLOER COHOMOLOGY AND PENCILS OF QUADRICS 



53 



spheres L^^ are homologically essential, which implies that they are non-zero objects of 3^{Z), 
with Floer homology additively given by _ff*(S'^^+^). 

Lemma 5.3. For a matching path 7 C C defining L~f C Z , HF[L^, L~^) = H*{S'^^^^) as a ring. 
Proof. From Lemma 13.21 there are natural maps 

QH*{Z) ^ HF*{L-y,L^) ^ QH*{Z) (5.1) 
whose composite is given by quantum product 

QH*{Z) — >QH*{Z), a^[L-y]*a 

with the fundamental class [L^] G QH*{Z). Let LI^ denote the matching cycle associated to a 
path meeting 7 transversely once, so [L\^] and [L^] represent Poincare dual cycles in Z . Equation 
15. II takes [Ll^] 1— ?> [L^] * [L\^\. The image is non-zero, since the classical cup-product of the classes 
is ±1 and deformation to the quantum product does not change the coefficient in the maximal 
cohomological degree. It follows that 

QH*{Z) HF*{L-y,L-y) 

is surjective, with Iz and [Lj^] mapping to generators (the image of the first is non-trivial by 
unitality; the images of the two classes are distinct since they have different mod 2 degrees). 
Since [Ljj,] * [Ll^] = e QH'^'"{Z) by graded commutativity, the Floer product in HF*{L^,L^) is 
undeformed. □ 

Seidel [87] proved there are no Lagrangian spheres in P^^+i, so these matching spheres neces- 
sarily intersect the exceptional divisor E G Z. Any such intersection point lies on a ruling curve 
R C E, which can then be viewed as a Maslov index 2 disk with (collapsed) boundary on L^. 

Lemma 5.4. For any matching path 7, the sphere G 3^iZ; 1). 

Proof. Let L ^ L^, and fix a Poincare dual sphere L'^ as before. By Lemma [5.31 it suffices to 
compute the coefficient of the dual cycle [L] in the quantum cup-product ci(Z)*[Lt] g QH°'^'^{Z). 
A dimension count shows that only Chern class 2 spheres contribute, and the only such sphere 
with a holomorphic representative is the ruling curve i?, so we are interested in the algebraic 
number of i?-curves passing through L, and E. The spinning construction of L and L'^ given in 
Section shows we can take them to come from {2g— l)-spheres inside E meeting transversely 
once. The i?-curve through that intersection point is then the unique curve which contributes to 
the product. □ 

Lemma 5.5. For a matching path 7 C C, the spun sphere Vy and the matching sphere L-y are 
quasi- isomorphic objects of3^{Z). 

Proof. Take a loop F — > S*^ of genus g curves {'^g}tes^ with monodromy the Dchn twist t^. Y 
is obtained as the double cover of P"'^ x 5^ over a multi-section comprising 2g constant sections 
and a bi-section in which the branch points undergo a half- twist. There is an obvious inclusion 
y ^ 3^ — > C to a Lefschetz fibration in which the curve defined by 7 has collapsed in the central 
fibre, y defines algebraic Lefschetz fibrations with generic fibre Z in two ways. First, one can 
construct a family of relative quadrics acquiring a node, with vanishing cycle L^, as in Lemma [5.11 
Second, one can consider the Lefschetz fibration of (2, 2)-intersections {Q2,2}tec with vanishing 
cycle V^, define a family of relative quadrics by blowing up C* x P^s+i along C* x {Q2,2)t, and 
noting that the total space again extends to an algebraic Lefschetz fibration over C. The induced 
monodromy around the circle is then a Dehn twist in Vj , by Lemma 14.421 The constructions 
exhibit both L-y and V-y as vanishing cycles for the algebraic degeneration of Z with monodromy 
induced by t-y, which implies they are Hamiltonian isotopic. □ 
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Corollary 5.6. The subcategory T C 3^{Z] 1) generated by the matching spheres L-y for arbitrary 
paths 7 has Hochschild cohomology HH*{'P,'J') = H*{T,g). 

Proof. Lemma 15.51 shows that T is the same as the subeategory defined by spun spheres . 
According to Lemma 14.441 this is in turn the subcategory which is the image of the functor 
$+ : Tw'^3'{Qo n Qi) Tw'"J{Z). On the other hand, this summand of the functor $ is fuhy 
faithful, by Lemma [4.38| and finally, the Hochschild cohomology of 3^(Qo H Qi) (and hence its 
split-closure) was calculated in Corollary 14. 161 □ 

Remark 5.7. The relative quadric Z C P^9+^ x is a divisor of bidegree (2,1), from which 
perspective it is straightforward to construct a Lefschetz pencil with fibre Z and with vanishing 
cycles matching spheres in the sense of Lemma 15.11 However, the cycle class C(w) for the 
corresponding fibration w : Blznz'i^'^^'^^ x P^) does not act nilpotently on HF{L^, L^), 

which means we can't compute the Hochschild cohomology of CP by direct appeal to Corollary 
13.111 This accounts for the somewhat roundabout proof of Corollary 15.61 and its appeal to 
Lemma 14.441 

We take the matching paths of the pentagram. Figure [TJ and write A for the subcategory of 
3^{Z) generated by the associated matching spheres. 

5.2. Thimbles. For tt : — > C a Lefschetz fibration, with exact or monotone fibres, we denote 
by V(7r) the Fukaya category of the Lefschetz fibration in the sense of |921 Section 18]; we refer to 
op. ait. for foundational material on such categories. V(7r) has objects either closed Lagrangian 
submanifolds or Lefschetz thimbles, equipped with the usual brane and perturbation data; we 
recall that one can achieve transversality for curves without components contained in fibres within 
the class of almost complex structures making tt pseudo-holomorphic. In general W will not be 
convex at infinity. However, when we consider compact Lagrangian submanifolds, they project to 
a compact set in C, and (using almost complex structures compatible with the fibration structure) 
the maximum principle in the base ensures spaces of holomorphic curves are compact. When 
we consider Aoo-operations between Lefschetz thimbles, these thimbles will always be perturbed 
so all the intersection points lie within a compact set in the base, which is sufficient for well- 
definition of the Fukaya category. As a particular instance of this, the Floer cohomology of a 
Lefschetz thimble with itself is defined by small Hamiltonian perturbation at infinity. 

Proposition 5.8 (Seidel). Any compact Lagrangian submanifold in V(7r) is generated by a dis- 
tinguished basis of Lefschetz thimbles. 

Sketch. In the exact case, this is Proposition 18.17 of !92]. The argument relies on a beautiful 
double-covering trick. Namely, one considers the double cover of over a smooth fibre 
7r^^(t), viewed as near infinity. Lefschetz thimbles with boundary lying in 7r^^(t) lift to 
closed Lagrangian spheres Si in W , and one actually defines V(7r) as a Z2-equi variant version 
of the usual Fukaya category 3^{W)\ this requires the underlying coefficient field K not to be of 
characteristic 2. Any compact L C W lifts to a pair of disjoint compact Lagrangians L^ C W, 
which are exchanged by the covering involution t. This involution can be expressed as a product 
of Dchn twists l = Ylj '''Si, in the spheres Si associated to a basis of thimbles {A^}. We now use 
the monotone version of Proposition 13.61 (Recall that Wehrheim and Woodward have extended 
Seidel's exact triangle for a Dchn twist to the monotone case, Theorem 12. 161 see also Oh's |77j . 
The exact triangle, together with general aspects of quilt theory, implies that the geometric Dchn 
twist and algebraic twist are quasi-isomorphic functors |106j .) The disjointness 

Y[Ts,^{L+)nL+ = L-nL+ = 
j 
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therefore yields a vanishing arrow in an exact triangle in !J{W) which implies split-generation of 
the summand by the spheres Sj. This is then interpreted downstairs in W, i.e. in V(7r), as 
generation by the thimbles Aj . □ 

Let C^ao and Z^^o be the Lefschetz fibrations over C with fibre a pair of points, respectively a 
2f/-dimensional quadric, given by removing the oo-fibres from the closed manifolds C and Z . We 
can alternatively remove the 0- fibres to yield C^o and Z^q, which are also Lefschetz fibrations 
over C = Pi\{c»}. 

Lemma 5.9. The categories TwV{C^oo) o-nd TwV{Z^oo) o,re quasi-isomorphic as 'L2-graded 
Aac- categories. Similarly, TwV{C^o) c:i TwV{Z^()). 

Proof. The category generated by a distinguished basis of vanishing thimbles is just the directed 
category amongst the associated vanishing cycles {dAi}. This category is computed entirely 
inside the fibre of the Lefschetz fibration. For Z^oo the vanishing cycles are all the particular 
Lagrangian sphere constructed in Lemma |4 . 1 1 f whilst the fibre of C^oo — >■ C obviously contains 
a unique Lagrangian sphere). Thus, the relevant summands of the Fukaya categories of the fibres 
are quasi-isomorphic by an equivalence which identifies the ordered collection of vanishing cycles; 
the result follows. The argument for the categories given by removing the 0-fibres is identical, 
since Proposition 15.81 does not require that the Lefschetz fibration have trivial monodromy at 
infinity. □ 

Let's call a basic path a linear path in C between two {2g + l)-st roots of unity adjacent in 
argument; one is dotted in Figure [TJ Thus, the pentagram spheres are matching spheres for 
paths which are given by completing a pair of consecutive basic paths to a triangle. Similarly, if 
a radial path is one from the origin to a root of unity, the pentagram spheres are alternatively 
obtained from pairs of radial paths. We record this for later: 

Lemma 5.10. Each pentagram matching path is obtained from some basic, respectively radial, 
matching path by applying a half twist along another basic, respectively radial, matching path. 

Lemma 5.11. The equivalence of Lemma \5.9\ yields a quasi-isomorphism between the subcate- 
gories TwA{C^oo) CLnd TwA{Z^ao) generated by the finite set of Lagrangian matching spheres 
associated to the arcs of the generalised pentagram. 

Proof. The matching sphere for a basic path is the cone on a distinguished degree zero morphism 
between the thimbles associated to the end-points, by [92j Proposition 18.21 & Remark 20.5] 
(note that our fibres are semi-simple, so it is the special case covered by Remark 20.5 which is 
relevant). These cones amongst thimbles involve identical data in the two spaces. The same 
argument shows that the twist functors associated to the spheres for basic matching paths are 
entwined by the equivalence of Lemma [57^ The result now follows from Lcmma FS.lOl Note that 
the quasi-equivalence acts cohomologically by the obvious isomorphism of the underlying vector 
spaces of cohomology groups. □ 

Lemma lS .111 and the description of 3^(Sg) given in Scction FB.TI implv that the Floer cohomology 
algebra A = H{A) defined by the pentagram spheres in Z^oo is the Z2-graded semi-direct product 
A(V^) XI Z2g+i, for a 3-dimensional vector space V. To pin down higher products explicitly, it is 
computionally most efficient to avoid Hamiltonian perturbations, and to pass to a pearly model 
for the Fukaya category as in Remark 13.41 This involves fixing metrics and Morse functions on 
the individual pentagram Lagrangians. We take these to be equivariant under the obvious finite 
rotation symmetry group. 

Lemma 5.12. One can define A{Z) with respect to almost complex structures with the following 
properties: (i) the map tt : Z — > is pseudoholomorphic; (ii) the structure is integrable near the 
fibres lying overO and oo; (ii) the rotation group 'I^2g+i pulled back from acts holomorphically. 
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Sketch. The first statement is standard. The fibres over and oo are disjoint from the La- 
grangians, and holomorphic pearls contributing to the Aoo-structure contain no sphere bubbles 
by monotonicity, which implies the second statement. Since no holomorphic curve components of 
any pearl lie inside the fixed locus of the rotation group, one can achieve equivariant transvcrsality 
by perturbations on the domain, which gives the last statement, see j93l Remark 9.1]. □ 

Remark 5.13. The usual obstruction to equivariant transvcrsality is the existence of holomorphic 
curves entirely contained in the fixed point locus of the finite group action, cf. |52| Lemma 5.12], 
which cannot exist if the finite group action is free on the Lagrangian submanifolds involved 
in the relevant category A. More generally, working in characteristic zero one can always take 
the j4oo-structure on A to be strictly invariant under a given action of a finite group F. In 
the approach pioneered in [36] , the Aoo-operations are constructed via virtual perturbations and 
Kuranishi chains, and equivariance with respect to arbitrary finite group actions is built in from 
the start. An alternative argument, due to Paul Seidel (private communication), introduces an 
artificially enlarged category A~^ which contains many copies of each object, one for each group 
element. The F-action is now free on objects, hence can be made strict on A'^; on the other 
hand, starting from the equivalence in characteristic zero if* (CC*(^+, ^+)^) = HH*{A^,A+)^ , 
a deformation theory argument shows that there must be some F-invariant structure on A itself. 

5.3. Exterior Algebra. We continue to study the algebra A = H{A) defined by the {2g + 1) 
pentagram spheres of Figure [1] We orient the spheres equivariantly for the cyclic symmetry 
group which permutes them. Any two pentagram spheres are either disjoint, meet transversely 
in a point, or meet cleanly in a copy of S^^ . The two generators of the Floer complex in the last 
case have degrees of the same parity, so there is no differential. Therefore as Z2-graded groups, 
HF{Li, Lj) can be computed equivalently in or in Z (in either case one just recovers the 

cohomology of the clean intersection). It follows that H{A) = (BijHF{Li, Lj) is isomorphic, 
as a Z2-graded complex vector space, to the space A(V) x 1^2g+i obtained in Lemma [5.11) and 
hence to the graded vector space describing 3^{^g) from Section [3771 Our strategy now has three 
components: 

(1) Prove the exterior algebra structure on H{A) survives compactifieation from Z^^o to Z] 

(2) Prove that the "first order term" (cubic term) of the Aoo-structure is non-trivial; 

(3) Infer that the Aoo-structure on the exterior algebra is determined up to quasi-isomorphism 
by knowledge of this first order term and of the Hochschild cohomology. 

Whilst the final step is pure algebra, and bypasses having to make explicit computations with 
holomorphic curves, the first two require some control on holomorphic polygons. Recall from 
Lemma 15.31 that for each of the individual pentagram spheres L, the Floer cohomology ring 
HF{L,L) H*{S'^s+-L-j is undeformed in Z. 

Lemma 5.14. For a pair of pentagram spheres L, L' , the Floer products 

HF{L', L') ® HF{L, L') — > HF{L, L') 

HF{L',L)®HF{L,L') — >HF{L,L) ^^''^^ 
are the same in Z as in Z^qq. 

Proof. In the first case, the input element of HF{L', L') is either the identity, in which case the 
product is obviously determined, or has odd mod 2 degree. However, HF{L, L') is concentrated 
in a single mod 2 degree. Therefore, only /x^(li',-) can be non-trivial. The second case is 
analogous. By Poincare duality in Floer cohomology, the groups HF{L,L') and HF{L',L) are 
concentrated in distinct mod 2 degrees. Therefore, the product can only be non-trivial into the 
odd degree component of HF(L, L), which is spanned by the fundamental class. This component 
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is determined by the non-degeneracy of Poincarc duality, via its trace, hence will be independent 
of the compactification to Z. □ 

To compute the algebra structure on H(A) (taken inside Z) completely, we must therefore 
understand Floor products amongst 3 different Lagrangians. Since 3 distinct pentagram spheres 
are pairwise transverse or cleanly intersecting, holomorphic pearls reduce to Morse-Bott Floor 
trajectories, in which we count holomorphic triangles which may have non-trivial cycle constraints 
(or attached flowlines) at a corner mapping to a clean intersection. Lemma l5 . 1 21 implies that such 
a Floor disk projects to a holomorphic triangle in with boundary on the pentagram (but in 
principle holomorphic triangles in Z might project onto P^). There are only two distinct possible 
boundary patterns for the boundary of the triangle in P^, modulo the rotation action by Z2g+i 
(in either picture any of the three vertices might be the output of the Floor product). These are 
depicted in Figure [6] in the case g = 2. 




Figure 6. Possible holomorphic triangles 



In Z^ao; the generators of the exterior algebra are given by (Z2g+i orbits of) the idempotent 
summands of the Floor cohomology of the clean intersection spheres (lying over interval vertices) 
and the isolated external vertices. Lemma 15.111 implies that we can choose Z2-gradings which 
reproduce those of J'(Eg). From [93] and [29], or by direct computation, these are as follows: 

(1) HF* {Lj, L^-2„r/{2g+i)^) = H*{S'^s)[l] IS concentrated in odd degree; 

(2) HF*{Lj,L^-ii„/(2g+i^) = C is concentrated in even degree. 

To clarify, for the small holomorphic triangle on the left of Figure [Sj with the anticlockwise 
boundary orientation that it inherits as a holomorphic disk in C, the clean intersections at the 
internal vertices will be concentrated in odd degree when viewed as inputs, and will have output 
the even degree external vertex. (Thus, the output is even degree read anticlockwise, meaning 
viewed as a morphism going from the upper edge to the lower.) In Z^^oa (and in the affine 
hyperelliptic curve) there are rigid holomorphic triangles projecting to these small triangles, and 
their cyclically rotated versions, which define the exterior algebra structure. The existence of 
these triangles determines the mod 2 degrees of the Floor generators of the algebra H{A). 

Lemma 5.15. No rigid holomorphic triangle in Z has boundary which projects to the second 
triangle of Figure \^ 

Proof. The mod 2 gradings of the vertices preclude existence of any rigid triangle, recalling that 
/i^ has degree zero. For instance, on the right of Figure IH] if the external vertices are the inputs, 
they each have odd degree, but the internal vertex as an output also has odd degree. □ 

Return to the small triangle of Figure [Sj Label the Lagrangians on that triangle: L" is the 
vertical side, L the lower side and L' the upper side. Let p G HF°'^'^{L, L') be the Floer generator 
at the external vertex, viewed as an input. 
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Lemma 5.16. The product O : H F°'^'^ {L" , L) HF'''" {L" , L') is an isomorphism. 

Proof. Consider the Lagrange surgery Ljj^L' of L and L' at p, as depleted by the eurved path 
in Figure [T] This surgery is equivalently given by taking the Dehn twist of L' about L. The 
surgery is Hamiltonian isotopic, via matching spheres, to a sphere L^L' whieh is disjoint from 
L", namely that defined by the basic path between the leftmost two vertices of Figure ID 




Figure 7. Lagrange surgery at a vertex 



The exact triangle for monotone Dehn twists implies there is an exact triangle in 3^{Z) 

L ^ L' (5.3) 




This gives a long exact sequence of Floor cohomology groups in Z 

> HF{L'\ L) HF{L'\ L') HF{L\ L#L') ^ • • • 

Since the terms HF{L",L#L') = 0, we deduce fi^ip,-) ■ HF{L",L) HF{L",L') is an 
isomorphism. □ 

Non- vanishing of ^^{p, •) a posteriori implies that the algebraic number of triangles in Z with 
the boundary conditions on the left of FigurelHlis non-zero. The same argument proves that right 
multiplication by p also defines an isomorphism 

2 / \ 

Hpoddf^^,^ i") > HF^'^L, L"). (5.4) 

Poineare duality in Floer cohomology is graded commutative [Ml Section 12e]. Together with 
associativity of Floer cup-product, Lemma [5.141 and Lemma [5.161 together imply that H{A) is 
still given by an exterior algebra after compactification from Z^^o to Z , compare to |93[ Section 
10]. Explicitly, in the notation of that paper, the generators of arise from p = ^3 and the 
two idempotents ^1,^2 of HF°'^'^{L" , L), or rather their Z2g+i-orbits. The generators of are 
the Poineare dual cycles ^3,^1,^2, and the unit respectively fundamental class of the pentagram 
spheres give the generators 1 € A° and q £ A^. Lemma 15.161 and its cousin (|5.4p implies that 
£,2 '£,3 = Ci and £3- £1 = C2, for suitably chosen signs of the generators, whilst Lemma [5 . 1 41 implies 
that £i ■ £,i ~ q ~ —£i ■ £i- These relations define an exterior algebra. 

Corollary 5.17. If g >2, the Floer cohomology algebra generated by the pentagram spheres in 
Z is A(C^) X Z2g+i (graded mod 2). 
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Both the curve C and the relative quadric Z define ^oo-structures on the exterior algebra 
which can be viewed as deformations of the particular quasi-isomorphism type of Lemma 15. Ill 
with the deformation parameter counting intersections of holomorphic curves with the fibre over 
oo S P^. Since the relevant deformation space is large, we appeal to more algebraic methods to 
pin down the ^oo-structure. 

Remark 5.18. By comparing to [93] and [29], one sees that two of the generators of the exterior 
algebra arise from the two idempotent summands of HF{V,V) = H*{S°), where V C Q is the 
Lagrangian vanishing cycle in a quadric fibre of Z. These play an essentially symmetric role. 
Indeed, returning to Remark 14.111 there is a holomorphic involution r of Z which reverses the 
sign of the first projective homogeneous co-ordinate ccq, and acts fibrewise over P^, in particular 
fixes the nodes in the singular fibres, r is one lift of the hyperelliptic involution on S to a 
symplectomorphism of Z. The monotone Kahler form, which is pulled back from P^g+i ^ pi^ 
is T- invariant, which means that the associated parallel transport maps along matching paths 
are r-invariant, so r preserves the Lagrangian pentagram spheres. In particular, t preserves 
the vanishing cycle V ~ L" O L in the fibre Q defined by the corresponding matching paths. 
Being a lift of the hyperelliptic involution, r reverses orientation on V (and so on L,L"), by 
compatibility of the symplectic group representations on the Riemann surface and the associated 
(2, 2)-intersection and hence relative quadric, cf. [84]. 

Working with equivariant almost complex structures as in Lemma 15.121 and appealing to 
Remark 15.131 we can assume that the Aoo-structure on Z is equivariant with respect to r. Note 
that if e and / denote generators for HF{Q,Q) = HF{L" , L) above, then the idempotent 
summands are (e±/)/2, and the fundamental class of Q is the difference between the idempotents. 
Since the involution r acts by an orientation-reversing automorphism of the Lagrangian vanishing 
cycle it sends />—>■—/ and exchanges the two idempotents. Therefore r-equivariance amounts 
to saying that A{Z) is equivariant under changing / i— >■ — /. 

5.4. The cubic term. Although the category A{Z) generated by the pentagram spheres is 
only Z2-graded, as in Section 13.51 one can impose a Z-grading by considering the filtrations on 
Floer complexes coming from intersections of holomorphic polygons with the polar divisor A of 
a meromorphic 1-form. We will choose the divisor A disjoint from the pentagram Lagrangians, 
at which point one can achieve transversality with perturbations of the almost complex structure 
and Floer equation supported away from A. The reason this is useful is that the term A • [im(u)] 
in Equation 13.101 is necessarily positive^ by positivity of intersections of holomorphic curves with 
holomorphic divisors. If one knows something about the absolute indices i^{xj) of intersection 
points, this can be a non-trivial constraint on which polygons exist. As an illustration, we will 
extract slightly more from the argument of Lemma 15.161 to give at least partial information on 
the cubic term '^^ Aoo-structure. 

Choose a fibrewise hyperplane section of Z - the puUback of a general hyperplane H C P^s+i^ 
which now plays the role of Href from Section 14.51 ~- whose complement is an affine quadric 
bundle at least over a large open set in C containing the finite set of pentagram matching paths. 
(Globally, any choice of hyperplane H C P^9+^ will fail to be transverse to a finite number of the 
quadrics in the pencil, and its complement will not globally be a T*S'^3-bundle over P^; but one 
can put the singular fibres near infinity, and they will make no difference to the computations 
undertaken below.) Up to symplectomorphism, one can identify an open set in this T*S'^^-bundle 
with an open set in a suitable family of Milnor fibres 
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as studied by Khovanov and Seidel in [SI], taking h(z) = — 1) to obtain a family of affine 

quadrics with nodal singular fibres at the origin and the {2g + l)-st roots of unity. Since this 
open subset of Z^oo is simply-conncctcd, as are the Lagrangians, we know a priori that gradings, 
which come from trivialisations of K^'^ and associated phase functions, are unique. 

Lemma 5.19. The Ij-gradings on the pentagram algebra inside W are Z2g+i-equivariant. 

Proof. For any M = g^^{0) C C"+^, there is a holomorphic n-form rj on M given by 

detc{dgx A ■ ■ ■)\tm (5.5) 

for which the phase of an oriented Lagrangian n-plane with orthonormal basis (ei , . . . , e„) is given 
by detcidgx A ei . . . A e„)^. Starting from here, |521 Equation 6.5] shows that for a Lagrangian 
L.y CW associated to a matching path j{t), the phase function is 

t ^ h{^{t)f'J-'i{t)^ (5.6) 

where h{z) = z{z'^3^^ — 1) and the phase is 0{2g + l)-invariant so depends only on the base co- 
ordinate. ()5.6p extends continuously over the two points of the sphere C W C Z^oo lying over 
the cndpoints of 7. and is invariant under rotation by exp{2iTr / (2g + 1)), so the phase functions 
for the different pentagram spheres Lj are identical under natural parametrisations. Absolute 
gradings in Floor theory are determined by local geometry near the intersection point and the 
associated phase function; here, both are invariant under rotation. □ 

Remark 5.20 (Notation). Recall in Figure [7] the three Lagrangians are L" (vertical), L (lower) 
and L' (upper). We will write e, / and p for three Floer generators (or their Z2g+i-orbits) arising 
as follows: p is the external vertex of the pentagram, graded in odd degree as the generator 
of HF{L,L') (as in the proof of Lemma l5.16|) : and e, / are the generators of H* {S'^^)[l] = 
HF{L" , L) (which are also, by equivariance, the odd degree generators of HF{L' , L"), cf. op. 
cit.). We will write e, / for the Poincare dual generators, and t''(-) = | • | for the absolute index 
of any generator. We declare |/| = |e| + 2g, so e arises from the cohomological identity of the 
S'^^-clean intersection and / from the fundamental class. 

We now take a holomorphic volume form r]z on Z which has poles of order g along Href and 
simple poles along the fibre Z^o, recalling that ci{Z) = {2g + 2)H — E ^ 2gH + [Fibre]. Up to 
homotopy, the induced volume form on the subset W C Z^^o agrees with that from (|5.5p . so the 
corresponding gradings are Z2g+i -invariant. Note that although the Z2-graded Aoo-structure on 
A{Z) can be taken to be invariant under the involution of Remark 15.181 the Z-gradings need not 
be, since A is not invariant. Poincare duality in Floer cohomology implies that if a; G CF{L,L') 
is a transverse intersection, then 

i"(x) = (2g + l)-i''(x) 

where x € CF{L',L) is the morphism viewed in the opposite direction. 

The proof of Lemma [5.161 relied only on the fact that the Lagrange surgery L^L' was Hamil- 
tonian isotopic to a Lagrangian sphere disjoint from L" . This is true inside the affine open subset 
VF, so the holomorphic triangles whose existence was implied by Lemma 15.161 actually exist in 
VF, in particular have trivial intersection number with the divisor A. This provides a constraint 
on the absolute gradings of the Floer generators, via Equation l3.10l 

|e| + \p\ and |/| + \p\ G {\el \f\} = {2g + 1 ~ |e|, 1 - |e|} 

where the two equations come from the fact that /i^(p, •) was an isomorphism in Lemma l5.161 so 
of rank 2. On the other hand, we also know 



l/l = |e|+2<? 
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The two previous equations imply 2|e| + \p\ = 1. Now we consider cubic terms: 

fi^{e,e,p); /i^(e,/,p); fi^{fj,p). (5.7) 

We are interested in the coefficient of the identity II in these cubic terms, which are pieces of 
the product 

^3 : CF*{L", L) ® CF*{L', L") ® CF*{L, L') — ^ CF{L, L)[-l] 

Consider first working in Z^oo- One can import some information about the higher Aoo-structure 
on A{Z^ao\ using Lemma [5.111 and our knowledge oi AiC^oa) arising from the results of Seidel 
and Efimov described in Section 15771 Recall from (|3.12p that the cubic term of an Aoo-structure 
extending a given product defines a Hochschild cocycle; exponentiated infinitesimal gauge trans- 
formations 

a a - 97 + [7, a] + - [7, [7, a] - ^7] H 

by elements 7 € CC^ with vanishing linear term 7 = (7*)i>2, so preserving the product, preserve 
the cohomology class $^(a'^) G HR* of a"^, which is accordingly well-defined, cf. [Ml Eqn. (5.6)]. 
In this vein, we record one implication of Seidel and Efimov's work. 

Lemma 5.21. In Z^^, the product /x'^(e + f,e — f,p) contains 1l with non-zero coefficient, 
whilst /i'^ (e + /, e + /, p) is trivial. 

This follows from Equation 13.171 in that notation, the first statement of the Lemma reflects 
the non-trivial cubic term V1V2V3 whilst the second reflects the vanishing of the terms vfv^, 
i ~ 1,2. We now combine Lemma [5.211 with the Z-grading considerations discussed before (|5.7p . 
Lemma 13.151 implies that intersections with H^ef respectively Z^a contribute Ag respectively 2 
to the Maslov index of the corresponding holomorphic polygon. Indeed, for a rigid (virtual 
dimension zero) polygon contributing to /z*^, with inputs Xj and output the identity element 
1l e HF°{L,L), Lemma [SlSl implies 

'^\xj\+2- k = A • [im(it)] = im(it) • Href + 2 im(M) • Zoo- (5.8) 
j 

We now put together the following pieces of information: 

• By Remark 15.181 the Aqo structures on Z^oo and Z can be taken invariant under an 
involution which preserves p and e but sends / i— > — /, so /i'^(e, f,p) =0 in both cases; 

• Lemma [5 . 2 II then implies /i^^(e, e,p) 7^ /i^oo(/, f,p) when computed in Z^oo. By Equa- 
tion |5]H1 and the discussion before (|5.7p . the holomorphic polygons which contribute to 
these expressions are necessarily disjoint from A, for /i^^(e,e,p), respectively meet A 
exactly once, for Ai|oo(/' f^P)- 

Now consider the term ^^P)- Eauation l5.8l and the relation 2|e| -|- |p| = 1 implies that 

no holomorphic polygon contributing to this product can meet either Href or Zoo, in particular 
its value does not change under compactiflcation from Z^^o to Z. There are in principle new 
holomorphic polygons which contribute to ^\f^^^{f,f,p), given by adding a Chern number zero 
sphere in homology class 2gR — L to a disk living in Z^^a- (Since our total space is mono- 
tone, such a Chern number zero sphere cannot itself be represented by a holomorphic curve, so 
these additional polygons do not arise from broken configurations by gluing on sphere bubble 
components.) However, we can deduce: 

Corollary 5.22. The coefficient of 1^ in exactly one of 

MA(z)(e + /,e- /,p) and /x5i(2)(e /, e /,p) 

is non-zero. 



62 



IVAN SMITH 



Proof. This is immediate from the preceding discussion. Either the coefficient of 1^ in /^^(/, f,p) 
does not change on compactification, in which case we inherit the no n- vanishing of Lemma |5.21[ 
or it does change, but since the analogous coefficient didn't change in ^'^(e,e,p), that would 
imply the second outcome. □ 

Remark 5.23. ft is possible to compute the absolute grading otA{Z) using the theory of "bigraded 
curves" developed in [52j , given a computer to plot phase functions along matching paths (and a 
blackboard to extract the gradings from those plots). Knowledge oi A{Z^rxi) gives many further 
a priori constraints on the bigrading; for instance, p.l7p implies M^^oo^(P' • ■ • which 
together with Lemma [3.151 shows that \p\ ~ Agk — 1 for some fc > 1. etc. 

5.5. Finite determinacy. We return to the situation of Section l^^ and an Aoo-structure on an 
exterior algebra A ~ K*{V). Suppose now F = is 3-dimensional, so A has graded summands 

A" :=C® A2(F); A^ = V®M^{V). 

According to [93l Theorem 3.3], the Loo-quasi- isomorphism $ of Theorem 13.181 has linear term 
$^ which is given by restricting elements of iJom(A(l/)®% A(F)) to the subspace of symmetric 
elements of Hom{V'^^ , A.{V)) (this is the Hochschild-Kostant- Rosenberg map). Since V is in odd 
degree, a^{vi, . . . ,Vi) £ A° © A^ for all i and any vj e V. In other words, taking the parities of 
the a* into consideration, a Maurer-Cartan clement comprises a pair 

{w, 7?) e Ciiv'']] e C[[F^]] ® A^v) 

of a formal function and a formal 2-form, satisfying 

[W,W]^0; [v,v]=0; [W,r,]=0. 

Since the given Aoo-structure does not deform the algebra structure on A{V), we may suppose 
that W and rj have no coefficients of polynomial degree < 3. Note that the equation [W, W] = 
always holds, since the Schouten bracket on polyvector fields involves contraction of the differen- 
tial form, hence vanishes identically on 0-forms. In particular, any formal function W together 
with the trivial 2-form {W, 0) defines a Z2-graded ^oo-structure on A(C'^). Gauge transformations 
are now by pairs 

{g\g') e (C[[T/^]] ® A\V)) © (€[[^1 ® ^'(V)) ■ 
For vector fields vanishing at the origin the first term acts on both components {W, rj), by puUback 
by the diffeomorphism obtained from exponentiating the vector field. Explicitly, a vector field 
acts on a formal function through the adjoint action 

exp{g') -W = W + Y, [g\W] (5.9) 

The second term acts by interior contraction 

(0,g3).(H^,^) = {W,r^ + Ldw{9'))- (5.10) 

In this language, we can re-express the outcome of the previous section. Pick co-ordinates 
^11^2,^3 on V and dual co-ordinates {vi,V2,v^) on V"^ = C^. Write 0{k) for power series all 
of whose terms have degree > fc. The action of G = '^2g+i on V comes geometrically from the 
rotation action on permuting Lagrangian pentagram spheres, so the generator of G acts on 
the hypcrcUiptic curve 

= z(z29+i - 1) via (y, z) (^^+^y, ^z), with £, = e w . 

Via Lemma [5.111 there is a basis with respect to which G acts on V by diagonal matrices with 
entries which are non-trivial roots of unity; explicitly, there is a basis for which G acts via the 
diagonal matrix with entries ('C,^,C^^~^). 
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Lemma 5.24. The formal function W defining the A,^-structure on A{Z) has the form 

W = XV1V2V3 + 0(A) or W ^ X{vl+vl)v3 + 0iA). 
for some non-zero A G C*. 

Proof. The generators Vi of the exterior algebra correspond, up to scale, to the Floer generators 
e + f,e — f,p of Section 15.41 Hyperelliptic invariance, exchanging / and — /, corresponds to 
invariance under vi -H- V2- Corollary 15.221 implies that either the term V1V2V3 in W has non-zero 
coefficient, or the term vfy^ (and hence by symmetry V2V3) has non-zero coefficient. Moreover, 
these two cases are mutually exclusive. The two cases cover the only possible cubic terms in W, 
by Z2g+i-invariance, which gives the result. □ 

We now explore more systematically the constraints imposed by Z2g+i-equivariance. One 
can consider only G-equivariant Z2-graded Aoo-structures on A{V) by imposing G-equivariance 
throughout the preceding discussion; in particular, the inverse $ to Kontsevich's map gives 
a quasi-isomorphism between equivariant Hochschild cochains and cquivariant polyvector fields, 
and G-equivariant gauge transformations act on the set of such G-equivariant Maurer-Cartan 
solutions. 

As in Section 13.61 Lemma I3.f 71 and the Formality Theorem 13.181 imply that the Hochschild 
cohomology of a Z2-graded Aoo-structure on A(V^) defined by a pair {W,ri) is given by the 
cohomology of the Z2-gradcd complex 

C[[V^^]] ® (C[[y^]] <E) A^V)) . ^ (C[[y^]] ® A\V)) ® (C[[F^]] (E) A^V)) (5.11) 

noting that ^ 1— > [C, VF] = i-dw{0 vanishes on 0-forms, and similarly ^ h- > [(,,r]] vanishes on 
3-forms, for degree reasons. The group HH*{A,A)^^^+'^ is computed by the complex 

{C[[V'']]<EA^"{V))f''^' . - (C[[V'']]®A°''''{V)f''+' (5.12) 

[■,w+n] 

Note that 1 e C[[F^]] always defines a non-trivial class in HH^^, since HH* is a unital ring. 
Therefore, Corollary 15.61 implies that in our case there is precisely one other non-trivial class. 
The Maurer-Cartan equation implies that both W and 77 are themselves cocycles, so some some 
linear combination of them must be a coboundary. The force of Lemma 15.241 is that we can prove 
that rj is in fact already a coboundary in the Koszul complex associated to W. 

The Koszul complex of a holomorphic function W is acyclic in degrees greater than the di- 
mension of the critical locus of W, see [2H Ch. 6, Prop. 2.21]. The underlying acyclicity result 
applies more generally to complexes of finitely generated free modules over a Noetherian local 
ring i?, which is useful in the context of formal rather than holomorphic functions. Indeed, |181 
Corollary 1] or [30l Section 20.3] says that a complex of free i?-modulcs 

0^F^^F,,^,^---^F2^F, 

is exact if and only if 

(1) rk(Ffc) = rk(0fe) -Hrk(0fc+i) and 

(2) the depth of the ideal /((/)fc) > fc - 1 

for k = 2, . . . , n. Here, the rank of is the size of the largest non-vanishing minor in a 
matrix representing 0^, and I{4'k) is the ideal in R generated by the determinants of all r x r 
minors, where r = rk((/)fc). C[[i;i, 112, "^3]] is Noetherian [SI Corollary 10.27] and Cohen-Macaulay. 
In a Cohen-Macaulay ring, depth of an ideal (maximal length of a regular sequence) equals its 
codimension |301 Theorem 18.2], and the criterion above, applied to the Koszul complex truncated 
in degree > fc of a holomorphic W with critical set of dimension fc, recovers the familiar acyclicity 
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result stated previously. Taking to be a formal function in 3 variables, we would like to know 
when the truncated complex 



is acyclic, with A' the free module of rank over R = C[[vi,V2,V3]]. It is easy to check that 
whenever W 0, the first condition on the ranks of the maps and modules is satisfied. Since R 
contains no zero-divisors, depth /(02) > 1 is trivial, so the key condition is 

depth 7(03) > 2. 

This certainly holds if one can order the partial derivatives {diW, djW, dkW) in such a way that 
some linear combination u.diW + v.djW is not a zero-divisor in R/ (dkW). If udiW + vdjW is 
such a zero-divisor, then 

(jj ■ {ud^W + vdjW) = ^dkW 

for some formal functions 0, with d^W / (/>. Since R is moreover a unique factorisation domain, 
this can happen for all w, v only if the partial derivatives share a common irreducible factor 
(which is not a unit, so has vanishing constant term). However, this is precluded by Lemma r5.24l 
We deduce: 

Lemma 5.25. A{Z) is defined by a Maurer-Cartan pair (W^rf) for which i] is a coboundary in 
the Koszul complex associated to W , so there is some formal 3- form for which [g'^ , dW] — 1]. 

We can therefore apply a gauge transformation as in Equation 15.101 to kill 77, so up to gauge 
equivalence, the Aoo-structure on Z is defined by a formal function W satisfying Lemma 15.241 
together with the trivial 2-form. Gauge transformations of Aoo-structures induce the identity 
on cohomology. There are also Aoo-equivalences which act non-trivially on cohomology; in par- 
ticular, Aoo-structures on A{V) x G are invariant under G-equivariant linear transformations in 
GL{V). Since the cubic polynomials 

viV2V'i and {v1 + v1)v'i 

are related by a linear transformation which commutes with G (which acts by ^ • id on the 
subspace (wi,W2) C V^), we can suppose up to quasi-isomorphism that 

W = XviV2Vz + 0(4) and 77 ee 0. (5.13) 

We next recall some background on Hochschild cohomology of semi-direct products, see for 
instance |97j . The Hochschild cohomology of a semi-direct product of a finite-dimensional algebra 
with a finite group F has an eigenspace-type decomposition over conjugacy classes of F. In 
particular, HH*{A ><\ Zin,A x Z„) splits into a piece corresponding to id € Z„ and (n — 1) other 
summands indexed by the other characters: 

HH*{A X Z„,A X Z„) = Extl^^^a^M Graphic) (5.14) 

7ez„ 

The summand for 7 = 1 is canonically identified with the invariant part HH* {A,A)'^"' . In the 
special case of an Aoo-structure on the exterior algebra, each of the other summands is computed 
by a cochain complex which actually defines a Koszul resolution of C, hence has one-dimensional 
cohomology [SOI Section 4b], whilst the invariant part of HH*{A,A) can be computed from the 
complex of Equation 15.111 As an illustration, we explicitly verify that the algebraic description 
of the Fukaya category D^J'{J^g) ~ D{A x Z2g+i) given in Section [3.71 is consistent with the 
prediction of Corollarv l3.11l 

Lemma 5.26. HH*{D''J{Y.g)) ~ H*{T,g) as Z2g+i-representations. 
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Proof. From the preceding discussion, we identify the invariant part iJiJ* (71,^1)^^9+1 with the 
invariant part of the Jacobian ring 

J{Q) = C[[xi,X2,x3]]/{diQ, d2Q, d^Q) 

under the inherited Z2g+i-action, where Q = —X1X2X3 + x1^'^^ +X2^^^ +x1^'^^ is the polynomial 
superpotential controlling the Aoo-structure on A = A(C'^). In our case, the invariant part 
J{QY'^^+^ is generated by the polynomials 1 and xiX2X^, noting that modulo the ideal of relations 
{diQ) one has 

{xiX2X'iY ~ {xiX2X3,Y'' 

and that 1 — {xiX2X-if''^^^ is invertible since we work over formal power series, hence xiX2X'i 
has order 2 in J((3)^29+i . The upshot is that the eigenspace decomposition of HH* under the 
Z2g+i-action has a two-dimensional zero-eigenspace and 2g one-dimensional eigenspaccs. This 
matches the cohomology {— quantum cohomology) of Sg, with Z2g+i acting on with minimal 
polynomial 1 + A + + H h A^^ and acting trivially on © i/^. □ 

The subcategory A{Z) is determined by a Z2g+i-equivariant Maurer-Cartan pair (W,0) as 
in (|5.13p . Corollary 15.61 and the discussion around Equation 15.141 imply that the Hochschild 
cohomology HH*{A xi Z2g+i,^ x 7j2g+i) has 2g one-dimensional summands for the non-identity 
elements, living in odd degree, and two even-degree classes (corresponding to and of the 
genus g curve). 

Lemma 5.27. If the formal function W = XviV2V3 + 0{4:), A 7^ 0, determines an Aa^- structure A 
on A(C^) X Z2g+i for which HH* {A,A)'^^^+^ has rank 2, then the coefficients of the 3 monomials 
w,^^^^ in W are all non-zero. 

Proof. The Hochschild cohomology of the Aoo-structure is the cohomology of the Koszul complex 

^ <C[[V'^]] ® A3(T/) ^ 'C[[V'^]] ® K^{V) ^ C[[F^]] ® K\V) ^ C[[y^]] ^ 0. (5.15) 

This contains in degree zero a copy of the Jacobian ring J{W) ~ C[[V^^]]/(9,;VK), which must 
therefore contain a unique non-identity element. 

If the coefficient of the monomial vf^^^ is zero, then vf^~^^ will survive into the Jacobian ring 
(since this is the lowest monomial term that can occur in W by Z2(,+i-invariancc). Therefore, at 
most one of the /ii>o can be zero, in fact fi^ since the Aoo-structure is invariant under permuting 
vi and V2; and in this case W must contain a monomial ^3^^^ (or the element [^3^^^] G J{W) 
will not have square zero). However, if = XV1V2V3 + ii{v\^^^ + v^^'^^) -I- /^sWg^^^ -l-p where all 
terms of p of degree < 2g + 1 involve at least two variables, then ['yiW2W3] and [^3^^^] give distinct 
elements of J{W), which again contradicts the invariant part of HH* having rank 2. □ 

We recall Noether's classical result [75] that the invariant subring £.[vi,V2, vz]^ under a finite 
group G is generated by monomials of degree at most the order of G. Let Q € C[[y^]]*^ denote 

r^ I 2g+l I 2g+l , 2g+l 

The following is a variant of Seidel's [231 Lemma 4.1], whose proof we follow closely. 

Lemma 5.28. Pick constants (A, //i, /i2, /^s) G (C*)**. Let p{-) he a polynomial of degree 4 < 
d&g{p) < 2g + 1, with vanishing coefficients of the monomials v1^~^^ . The Aao-structure defined 
by any Z2g+i -invariant Maurer-Cartan pair (W^, 0) with 

W = XV1V2V3 + p(«i, W2, V3) + pivl'+^ + p2V2>+^ + p-ivl'+^ + 0{2g + 2) 
is Aao -isomorphic to the structure defined by ((5,0). 
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Proof. To be maximally explicit, we suppose first 17 = 2, so p{-) = 0, and explain the mod- 
ifications for the general case at the end. Let denote the degree < 5 = 2^ + 1 part of 
the given formal function W. Letting / denote the ideal generated by the partial derivatives 
/ = {diW^, d2Wi_i, dsW^) , one checks that: 

• ViVj el + 0(4) 

• vf e / • 0(2) + 0(8). 

Explicitly, to check the second claim, one starts from di Wf^ E I and writes 
buiv'l e / + ^jlqV2Vz ^ vl e I ■ 0{2) + C • vlv2V3 

and then substitutes 

vfv2V3 = {V1V2) ■ {V1V3) e {I - Cv^) ■ {I - Cv^). 

Given any n, direct manipulation now yields a co-ordinate transformation exp{g^) (which can be 
averaged to be G-equivariant) for which 

exp{g^)-{W) = W^ + 0{n). 

Explicitly, if = + 0(6) is Zs-equi variant, it contains no monomials w* for t = 6,7, 8. Then 
W — Wfj, is a sum of terms Vj.Vk-{-) and terms of order > 9, hence W — W^ G I-0{> 4) + 0(> 9). 
For a suitable change of variables 

one sees W{v[,V2,v'^) is given by 

W{vi,V2,V3) + J2 U,AW + ■■■+ 0(9) 
j 

which we write as: 

i j 

Now using the bullet point above, one can choose the f^j so that the first two terms give exactly 
the part of W — W^j in / • 0(4), and all the other Taylor co-efficients are 0(9), so we have 
improved n from 6 to 9. Iterating the procedure, one can increase n arbitrarily. Since has an 
isolated singularity at the origin, the general finite determinacy theorem from singularity theory 
[63j implies that, once n is large enough, there is a formal change of variables exp{h^) for which 

exp{h^) -W ^ Wf,. 

Recall that Aoo-structures on A(y) x G are invariant under G-equivariant linear transformations 
in GL(V). In our situation they are invariant under arbitrary invertible linear rescalings of the 
Vi. This brings any polynomial of the given form into the shape tviV2V3 + + V2 + v^. 
A further linear co-ordinate change will bring this into the form —eviV2V3 + e^{vl + V2 + ff), 
for some e € C*. One now uses the existence of a canonical C*-action (again not by gauge 
transformations, but nonetheless by Aoo-isomorphisms) on the space of Aoo-structures, where 
e G C* acts by rescaling /i^ by e^~^, to reduce to the desired polynomial Q. This completes the 
argument when g = 2. 

The general case, when g > 2, is similar. The polynomial p actually lies in 0{d) for some d > 4, 
for invariance reasons, and contains no monomial terms (the only invariant monomial terms 
of degree < 2^ -|- 2 are v'f^'^^, for which p has vanishing coefficients by hypothesis). Therefore, 
its lowest degree d piece can be written (not necessarily uniquely) as 

Pdiyi,V2, W3) = ViV2q3. + V2V3,qi + U3W1Q2 
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for G-invariant homogeneous polynomials qi G 0{d — 2) of degree > 2. There is an infinitesimal 
gauge transformation 

Vi vl ^ Vi - qi = Vi + [-qiCi,Vi] 

associated to the 1-form — '^qi£,i, and since qi G 0(2), this exponentiates to a gauge trans- 
formation which takes the given to a polynomial W' of the same shape, but for which the 
polynomial p has larger degree: 

W ^ Xv[v',v',+piv[,v'^,v',) + MiK)2«+i + M2(t4)''+' + ^^3iv',f'+' + 0{2g + 2) 

with degij}) > cJ+ 1, because all the higher order terms in the exponentiated adjoint action (|5.9p 
have larger polynomial degree. Iterating (finitely often, so there are no convergence issues), one 
reduces to the case when p G 0(2g + 2), so without loss of generality we can take p = in the 
statement of the Lemma. Now ViVj G 7 + 0(2(7), and explicit formal changes of variables as in the 
g — 2 case iteratively kill the 0{2g + 2)-part of W, cf. [29l Lemma 3.1]. Finally, the coefficients 
fj.j are adjusted using GL(y)-invariance and the canonical C*-action on Aoo-structures. □ 

Note that Lemma [5.261 verifies that in the only non-excluded case, the Hochschild cohomology 
does have the anticipated rank. Combining our knowledge of quantum cohomology. Corollary 
15. 6i with Lemma [5.271 one finds that the ^oo-structure on 3^{Z) satisfies the conditions of Lemma 
15.281 Since this singles out a unique quasi-isomorphism class, one concludes that the generalised 
pentagram spheres in Z define an equivalent structure to the corresponding curves in the genus 
g surface. Since on the genus g curve these Lagrangians split-generate, this proves that 

Lemma 15.51 and Lemma 14.441 together show that this embedding has the same image, up to 
quasi-isomorphism, as the embedding D^3^{Qo n Qi) ^ D'^3'{Z) of Lemma [4.381 

Corollary 5.29. The embedding of categories D'"3^(Sg) ^ D^!J{Z) is compatible with the nat- 
ural weak actions of the pointed hyperelliptic mapping class group. 

CoroUarv IS . 291 has precisely the same proof as Corollarv l4.45l but invoking Lemma [5T51 in place 
of Lemma [4.441 Together, these results imply Addendum 11.21 from the Introduction. 

Remark 5.30. The finite group H^{Yg; Z2) 9 ^ has a natural weak action on ^'(Sg), tensoring by 
flat line bundles ^, and on S^iQoDQi; 0), by symplectic involutions of Remark l4.1H and one can 
ask if the equivalence T : D^3^{'E,g) ~ D'"J'{Qq n Qi;0) we have constructed also entwines that 
action. We shall not prove this, but the relevant cohomological evidence is provided by Remark 
13.221 and Remark 12.51 Presumably, just as T(7) ~ Vy, also T(f — > 7) ~ L^Vy. If true, one could 
compute the Hochschild cohomology of the autoequivalence ®^ G Auteq{J'{J^)) in terms of the 
fixed point Floor cohomology HF{l^) on Qo n Qi. 
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